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Kirish 

Magistrlik dissertatsiyasi mavzusining asoslanishi va uning dolzarbligi.  

Mamlakatimiz  istiqlolga erishgan ilk kunlardanoq, davlatimiz tomonidan 

amalga oshirilayotgan bunyodkorlik ishlari vatanimiz mustaqilligi va ozodligi 

tufaylidir. Mustaqillik zamirida yuz berayotgan islohatlar sezilarli darajada 

insoniyat turmush tarzini o’zgartirib yubordi. So‘ngi yillarda yoshlarga 

yaratilgan imkoniyatlar har bir yigit qizni harakatda  bo‘lishga undaydi. 

Hozirgi kunda Prezidentimiz Sh.Mirziyoyev tomonidan “Mening 

nazarimda, jamiyat hayotining tanasi iqtisodiyot bo‘lsa, uning joni va ruhi – 

ma’naviyatdir. Biz yangi O‘zbekistonni barpo etishda ana shu ikkita mustahkam 

ustunga, ya’ni, bozor tamoyillariga asoslangan kuchli iqtisodiyotga hamda 

ajdodlarimizning boy merosi, milliy va umuminsoniy qadriyatlarga asoslangan 

kuchli ma’naviyatga tayanamiz”[1-4]. Yoshlarga keng imkoniyatlar yaratib 

berilmoqda, yirik  loyihalar ustida ishlanmoqda. Ularning bilim va istedodlarini 

shakllantirib, milliy ma’naviyatimizni uzoqlashib ketayotgani sezilib qolmoqda. 

Ular o‘zlari o‘qib kelgan xorijiy davlatlardagi tajribani o‘rganib, tajriba 

almashib kelishmoqda. Yangi O‘zbekiston  taraqqiyot strategiyasining maqsadi 

– aholining barcha qatlamlariga munosib hayot darajasini va turmush 

sharoitlarini yaratib berish, ishtimoiy himoya va bandlikni ta’minlash, 

daromadlar barqaror o’sishiga erishish, jamiyatning madaniy darajasi, 

bag’rikenglik va mehribonlik fazilatlarini yanada mustahkamlashdan iborat [5]. 

O‘zbekistonda ta’lim tizimini isloh qilishning dasturiy hujjatlarida 

takidlanganidek, mamlakatimiz ta’lim tizimi hodimlari oldiga raqobatbardosh 

kadrlar tayyorlash, ta’lim tarbiya jarayonini jahon andozalari darajasiga 

yetkazishni asosiy vazifa qilib qo‘ygan[6]. Shu ma’noda olib qaraganda, 

yoshlarning yangi avlodi istiqbol masalalarini kun tartibiga dadil qo’yadigan va 

uni yecha oladigan, siyosiy hamda ijtimoiy – iqtisodiy hayotda o‘ziga mustaqil 

yo‘l topa oladigan qobiliyatga ega bo‘lishi kerak. 
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Hozirgi vaqtda O‘zbekistonda ilmiy va amaliy tatbiqlarga ega bo‘lgan 

fundamental fanlarga e’tibor yanada kuchaymoqda.  

O‘zbekiston Respublikasi Prezidentining 2017-yil 7-fevraldagi PF-4947-

son “O‘zbekiston Respublikasini yanada rivojlantirish bo‘yicha harakatlar 

strategiyasi to‘g‘risida”gi Farmoni, 2017-yil 17-fevraldagi PQ-2789-son 

“Fanlar akademiyasi faoliyati, ilmiy tadqiqot ishlarini tashkil etish, boshqarish 

va moliyalashtirishni yanada takomillashtirish chora tadbirlari to‘g‘risida”, 

2017-yil 20-apreldagi PQ-2909-son “Oliy ta’lim tizimini yanada rivojlantirish 

chora-tadbirlari to‘g‘risida”, 2018-yil 27-apreldagi PQ-3682-son “Innovatsion 

g‘oyalar, texnologiyalar va loyihalarni amaliyotga joriy qilish tizimini yanada 

takomillashtirish chora-tadbirlari to‘g‘risida”, 2020-yil 7-maydagi PQ-4708-son 

“Matematika sohasida ta’lim sifatini oshirish va ilmiy tadqiqot ishlarini 

rivojlantirish to‘g‘risida” gi qarorlari hamda fundamental fanlarga tegishli 

boshqa normativ huquqiy hujjatlarda belgilangan vazifalarni amalga oshirishda 

muayyan darajada xizmat qiladi.  

Tadqiqotning ob’ekti va predmeti: Bir, ikki, to‘rt  o‘lchovli 

gipergeometrik funksiyalar. Maxsus funksiyalar nazariyasi, matematik fizik 

tenglamalari, qatorlar nazariyasi, integro- differensial operatorlar.  

Tadqiqotning maqsadi  va vazifalari: Gamma va beta funksiyalarga, 

maxsus funksiyalarning, differensial operatorlarga oid asosiy tushunchalarni 

yoritish, 4 o‘lchovli gipergeometrik funksiyalarning yoyish formulalarini 

keltirish. Ikki o‘zgaruvchili uchunchi tartibli Campe de Feriet  2;1;1

1;1;1 ,F x y     

gipergeometrik funktsiyasining integral ifodasini topish.          

Tadqiqotning ilmiy yangiligi quyidagilardan iborat: 

– 4 o‘lchovli gipergeometrik funksiyalarni yoyish formulalari topilgan; 

– Campe de Feriet gipergometrik funksiyasining integral ifodasi topilgan.  

Tadqiqotning asosiy masalalari va farazlari.  Geometrik progressiyaning 

umumlashmasi bo'lgan gipergeometrik funksiya bir qator ajoyib xususiyatlarga 

ega bo'lib, bu funksiyalar  ikki asr davomida matematiklarning e'tiborini tortdi. 

Ushbu funktsiyani o'rganish davomida Gaussni qatorlarning yaqinlashuvi 
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masalasini, Rimanni esa  analitik davom ettirish muammosiga va maxsus 

nuqtalarga ega bo‘lgan differensial tenglamalarni o'rganishga olib keldi. Ushbu  

"gipergeometrik" atamasi fanga 1655 yilda Uollis tomonidan kiritilgan, 

keyinchalik esa Eyler va Kummer tomonidan o'rganilgan. Biroq, Gaussning 

ishidan oldin, bu qatorni so'zning zamonaviy ma'nosida funktsiya deb atash 

mumkin emas edi. Gauss gipergeometrik qatorning yaqinlashishini vaholanki 

gipergeometrik funktsiyaning mavjudligini isbotladi. 

Biroq, Gauss ishidan keyin ham muammolar saqlanib qolindi. 

Gipergeometrik qator kompleks tekislikdagi birlik aylanadagina yaqinlashishini 

tushunish oson, gipergeometrik funktsiyani analitik ravishda bu doira 

chegarasidan tashqarida davom ettirish mumkin. Muammo gipergeometrik 

funktsiyaning butun kompleks tekisligiga analitik davomini qurishdir. 

Gipergeometrik funksiya uchun differensial tenglama yechimlarining xossalarini 

o‘rganish orqali bunday analitik davom ettirish mumkin. 

Tadqiqot mavzusi bo‘yicha adabiyotlar sharhi (tahlili) Ma'lumki, 

zamonaviy matematika va nazariy fizikaning ko'plab muammolari ko'plab 

murakkab o'zgaruvchilarning gipergeometrik funktsiyalarini o'rganishga olib 

keladi. Bularga, masalan, supertor nazariyasi muammolari kiradi [Candelas P., 

de la Ossa X., Greene P. va Parkes L. Aynan eruvchan super konformal nazariya 

sifatida bir juft Calabi-Yau manifoldlari // Nucl. fizika. 1991. V. B539. P. 21-

74.], Mellin-Barns tipidagi integrallarning analitik davomi [Passare M., Tsikh 

A.K., Cheshel A.A. Bir nechta Mellin-Barns integrallari bir nechta modulli 

Calabi-Yau manifoldlarining davrlari sifatida // Teor. va matematika. fizika. T. 

109. 1996. B. 381-394.] va algebraik geometriya [Xorja R.P. Gipergeometrik 

funktsiyalar va torik navlardagi oyna simmetriyasi // Preprint. 1999. matematika. 

AG/9912109. B. 1-103.]. Gipergeometrik tipdagi differensial tenglamalar 

tizimlari zamonaviy kompyuter algebra tizimlarida qo‘llaniladigan ramziy 

hisob-kitoblar algoritmlarini amalga oshirish va disk raskadrovka qilishda 

notrivial model misollari sifatida keng qo‘llaniladi [Saito M., Sturmfels B. and 
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Takayama N. Grobner Deformations of Hypergeometric Differential Equations. 

Springer Verlag. Berlin, Heydelberg. 1999]. 

Dastlab, maxsus funktsiyalar bir-biriga bog'liq bo'lmagan ko'plab usullar 

bilan kiritilgan. Ularning paydo bo'lishi, qoida tariqasida, elementar funktsiyalar 

sinfida yechib bo'lmaydigan differentsial tenglamalarga (yoki bunday 

tenglamalar tizimlariga) olib keladigan muammolarni hal qilish zarurati bilan 

belgilandi. Bessel funksiyalari, Ermit funksiyalari va Gauss gipergeometrik 

funksiyasi shunday paydo bo'lgan. Keyinchalik, turli xil maxsus funktsiyalarni 

bog'laydigan juda ko'p sonli formulalarning paydo bo'lishi tabiiy ravishda 

mavjud turli xil maxsus funktsiyalarni tasniflash va tizimlashtirish istagini 

keltirib chiqardi. Gipergeometrik funktsiyalar matematik fizikaning maxsus 

funktsiyalari qatorida  muhim o'rin egallaydi.  

Tadqiqotda qo‘llanilgan metodikaning tavsifi. Ko'p o'zgaruvchilarning 

gipergeometrik funksiyalari Knijnik-Zamolodchikov tenglamalarining 

yechimlari sifatida kvant maydon nazariyasida paydo bo'ladi [Virchenko A. 

Multidimensional Hypergeometric Functions and Representation Theory of Lie 

Algebras and Quantum Groups. Advanced Series in Mathematical Physics 21. 

World Scientific. 1995]. Bu tenglamalarni gipergeometrik tipdagi 

umumlashtirilgan tenglamalar deb hisoblash mumkin va ularning yechimlari 

bitta o‘zgaruvchining gipergeometrik funksiyalari uchun klassik Eyler 

integrallarini umumlashtiruvchi integral ifodalarini qabul qiladi. Bu yondashuv 

gipergeometrik tipdagi maxsus funksiyalarni va Li algebralari va kvant 

guruhlarini tasvirlash nazariyasidagi dolzarb masalalarni bog‘lash imkonini 

beradi. 

Tadqiqot natijalarining nazariy va amaliy ahamiyati. Tadqiqot 

natijalarining ilmiy ahamiyati ko‘p o‘zgaruvchili gipergeometrik funksiyalar 

nazariyasining keyingi rivojida foydalanish mumkinligi, hamda tadqiqot 

natijalarining amaliy ahamiyati xususiy hosilali differensial tenglamalarga olib 

kelinadigan amaliy masalalarni yechishga tadqiq etilishi hamda maxsus 

nuqtalarga ega integral tenglamalarni yechishda qo‘llanishi bilan izohlanadi. 
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Dissertatsiyaning tuzilishi va hajmi. Dissertatsiya kirish, uchta bob, 

xulosa va adabiyotlar ro‘yxatidan va hajmi 55 betdan iborat. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 8 

I   B О B. GIPERGEOMETRIK FUNKSIYALARNI YOYISH 

FORMULALARINI O‘RGANISHNING  NAZARIY ASOSLARI 

 

 

1.1- §.  Gаmmа  vа  bеtа funksiyalаr 

           

1. Gаmmа funksiyasi.  

Gаmmа funksiyasi Eylеrning ikkinchi tur intеgrаli оrqаli quyidаgichа 

аniqlаnаdi [32], [23: 14 bеt], [28]:                                

                        

11
1

0 0

,
1

( ) ln
z

t zz e t dt dt
t


   

  
 

        Re 0.z              (1.1) 

Gаmmа funksiyaning (1.1) ko`rinishi Eylеr tоmоnidаn kiritilgаn. 

( )z funksiyani bоshqаchа ko`rinishdа hаm yozib оlish mumkin: 

                   

1
1

1

1
( ) 1 1 ,

z

n

z
z z

n n






    
   

    

                                      (1.2) 

                         
1

1
1 , 0,5772156649... ,

( )

z

z n

n

e
z

ze
z n

 
 



 
   

  
 

  


                (1.3) 

bu yеrdа  Eylеr-Mаskеrоn o`zgаrmаsi. Gаmmа funksiyaning     (1.2) vа (1.3) 

ko`rinishi mоs rаvishdа Gаuss vа Vеyеrshtrаss tоmоnidаn kiritilgаn. 

(1.1) fоrmulаgа t su аlmаshtirish bаjаrib, quyidаgi  

                               1

0

( ) , Re 0z su zz s e u du z


                        (1.4) 

ko`rinishgа kеltirаmiz, bu yеrdа s   hаqiqiy musbаt o`zgаrmаs sоn. 

Аgаr intеgrаllаsh yo`li kооrdinаtа bоshidаn chiqib  Ox  o`qi bilаn   

burchаk tаshkil qilgаn nurdаn ibоrаt bo`lsа, (1.4) fоrmulа  s  kоmplеks sоn 

bo`lgаndа hаm o`rinli bo`lаdi: 

1

0

( ), Re 0, .
2 2

ie
su z ze u du s z z arg s


 

 


    
 

 
            (1.5) 

Аgаr 0 Re 1z   bo`lsа, u hоldа  (1.5) fоrmulа 2arg s      

bo`lgаndа hаm o`rinlidir. 
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Shuni аytish lоzimki, (1.2) vа (1.3) fоrmulаlаrgа ko`rа z  kоmplеks 

o`zgаruvchili ( )z  funksiya 0, 1, 2, ...z     nuqtаlаrdаn tаshqаri butun 

kоmplеks tеkislikdа аnаlitik funksiyadir [23: 15-16 bеtlаr]. Bu   funksiya 

,z n    0,1,2,...n   nuqtаlаrdа оddiy qutblаrgа hаmdа bu nuqtаlаrdа mоs 

rаvishdа ( 1) !n n  [4: 1.17(11)]gа tеng bo`lgаn chеgirmаlаrgа egа bo`lgаn 

mеrоmоrf funksiyadir. ( )z  funksiya kоmplеks tеkislikdа nоllаrgа egа emаs, 

dеmаk            1 ( )z    butun funksiyadir. 

  2. Gаmmа funksiyasining funksiоnаl munоsаbаtlаri. 

       (1.1) fоrmulаdа qаtnаshgаn intеgrаlni bo`lаklаb intеgrаllаb, ushbu  

             ,tu e      1 ,z t zd t dt du e dt t z       

аlmаshtirishlаrni e’tibоrgа оlib, quyidаgigа  

        
0 00

1 1 1
( ) (1 )

t
t

z t z t z

t

e
z t e t dt e t dt z

z z z z

  
 



         

egа bo`lаmiz. 

Dеmаk, ushbu  

                                            (1 ) ( )z z z                                                (1.6) 

munоsаbаt o`rinli. 

Аgаr n  nаturаl sоn bo`lsа, u hоldа quyidаgi  

                       ( ) ( 1)( 2)... ( 1) ( )z n z z z z n z                             (1.7) 

funksiоnаl munоsаbаt o`rinlidir. 

(1.7) fоrmulаdаn quyidаgi  

                       ,
( ) ( 1)

( 1)( 2)... ( ) ( 1)
( ) ( 1)

nz z n
z z z n

z n z

    
     

    
              (1.8) 

 

                
( ) ( 1)

( 1) ( 1)( 2)... ( 1) ( 1)
( ) ( 1)

n nz n z
z z z z n

z z n

    
       

    
                        (1.9) 

fоrmulаlаr kеlib chiqаdi. 

Аgаr (1.1) fоrmulаdа  1z    bo`lsа, u hоldа   
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0

(1) 1te dt


                                            (1.10) 

tеnglik o`rinli  bo`lаdi. 

 (1.7) vа (1.10) tеngliklаrdаn quyidаgi  

                                    (1 ) 1 2 3 ... !n n n                                      (1.11) 

funksiоnаl munоsаbаtni оlаmiz. 

(1.3)  ifоdаdаn vа  

              

1

1

1
1 ( )

z

z n

n

e
z

e z
z n








  
     

     

     

tеnglikdаn ushbu  

                           

1
2

2
2

1

( ) ( ) 1
n

z
z z z

n








 
 
 

                                 (1.12) 

ifоdаni оlаmiz. [30: 2-bo`lim 379 bеt] kitоbdаgi ushbu  

                                    

2

2
1

1
n

z
sin z z

n
 





 
 
 

   

fоrmulаdаn vа (1.12) dаn quyidаgi  

                                     ( ) ( )z z z sin z                                 (1.13) 

funksiоnаl bоg’lаnishni  hоsil qilаmiz. 

(1.13)  vа (1.6) fоrmulаlаrdаn fоydаlаnib, quyidаgi 

                  ( ) (1 ) ( )( ) ( )
z

z z z z z
zsin z sin z

 

 
                                                             

                                    ( ) (1 )z z sin z     ,                                  (1.14) 

                                  
1 1

2 2
z z

cos z




   

  
  

                                   (1.15) 

 munоsаbаtlаrni оlаmiz. 

Аgаr (1.14) vа (1.1) fоrmulаlаrdа 1 2z  bo`lsа,  u hоldа   

                                      
2

0

,
1

2
2

ue du 


 
 
 

                          (1.16) 

yoki 
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                      2 1 1

2 ( 2) 2sin


 


   

    
   

     

tеnglik o`rinli bo`lаdi. 

Gаuss – Lеjаndrning  ko`pаytmа fоrmulаsi: 

 

                        
11

( 1)
22

1

0

2 ( ).
m zm

m

r

m
r

z mz
m




 



 
 

 
              (1.17) 

Аgаr (1.17) fоrmulаdа  2m   bo`lsа,  u hоldа  quyidаgi 

                                        
2 12 1

2
2

z

z z z



 
 
 

                         (1.18) 

Lеjаndr fоrmulаsi o`rinlidir. 

  3. Bеtа -  funksiyasi. ( , )B p q  bеtа-funksiyasi quyidаgi  

                        
1

11

0

, 1 ,
qpp q t t dt
       Re 0,p    Re 0q                (1.19) 

ko`rinishdаgi Eylеrning birinchi tur intеgrаli yordаmidа аniqlаnаdi  [23: 23-28 

bеtlаr].     

(1.19) fоrmulаgа (1 )t      аlmаshtirish bаjаrib, ushbu  

                        1

0

, 1 ,
p qpp q d  


       Re 0,p    Re 0q             (1.20) 

                       
1

1 1

0

), ( 1 ,
p qp qp q d   

         Re 0,p    Re 0q      (1.21) 

fоrmulаlаrgа egа bo`lаmiz. 

(1.21) tеnglikdаn quyidаgi  

                                                  , ,p q q p                                      (1.22) 

аyniyat kеlib chiqаdi. 

 ( , )B p q bеtа-funksiyasi gаmmа funksiya оrqаli quyidаgichа  

                                        ( , ) ( ) ( ) ( )B p q p q p q                            (1.23) 

ifоdаlаnаdi. Hаqiqаtаn, (1.4) fоrmulаgа аsоsаn ushbu  
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1

0

( ) , Re( ) 0p q p qsup q s e u du p q


        

tеnglikni оlаmiz. Bundа 1s    dеb qаbul qilsаk, quyidаgi  

                               
(1 ) 1

0 (1 )

( )u p q
p q

p q
e u du




   




 
                         (1.24) 

аyniyatni egа bo`lаmiz. 

           Endi (1.24) аyniyatni ikkаlа tоmоnini 
1p 

gа ko`pаytirib,          

bo`yichа  0  dаn   gаchа intеgrаllаb,  so`ng intеgrаllаsh tаrtibini аlmаshtirаmiz:  

        
1 (1 ) 1 1

0 0 0

(1 )( )p u p q p p qd e u du p q d   
 

      
          

       
1 1 1

0 0 0

( ) (1 ) .( ) ( )q p p p qu ue u du e u d u p q d    
 

           

Bundаn, (1.1)  vа  (1.20) fоrmulаlаrgа ko`rа quyidаgi   

   ( ) ( ) ( ) ( , )p q p q B p q        yoki    ( , ) ( ) ( ) ( )B p q p q p q                                    

аyniyatni оlаmiz. Dеmаk, (1.23) аyniyat o`rinlidir. 

4.  

Bеtа- funksiyasining funksiоnаl munоsаbаtlаri. ( , )B p q bеtа-funksiya 

uchun quyidаgi funksiоnаl munоsаbаtlаr o`rinlidir: 

                           ( , 1) ( 1, ) ( , ),
q q

B p q B p q B p q
p p q

   


                   (1.25) 

               ( , ) ( , ) ( , ) ( , ) ( , ) ( , ),B p q B p q l B q l B q l p B l p B p l q           (1.26) 

                 
( ) ( ) ( ) ( )

( , ) ( , ) ( , ) ,
( )

p q l z
B p q B p q l B p q l z

p q l z

   
   

   
         (1.27) 

          1 1
1 1

1 (1 )
, , 1,2,... , .

( , ) ! (1 )
n n
n m n mmC nC m n C

B n m





  
 
   

 
  

  
    (1.28) 

        5. Bеtа-funksiyasining аniq intеgrаllаr yordаmidа ifоdаlаnishi. Аniq 

intеgrаllаr yordаmidа ( , )B p q  bеtа funksiyasi quyidаgichа ifоdаlаnаdi: 

           
1

11

0

1 (1 ) (1 ) , ,
qp p q pt t bt dt b p q
          1, Re 0, Re 0,b p q       (1.29) 
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        1

0

(1 ) , ,p p q pt bt dt b p q


         0, Re 0, Re 0,b p q                (1.30)   

         
11 1( ) ( ) , ,

a
qp p q

b

t b a t dt a b p q
         , Re 0, Re 0,b a p q         (1.31)  

           
1

11 1 1

0

1 , ,
qp zt t dt z pz q
       0, Re 0, Re 0,z p q                 (1.32) 

          
2

2 12 1 1

0

( ) 2 , ,
qpsint cost dt p q


     Re 0, Re 0,p q                (1.33) 

          1

0

1
( ) 2 , ,

2 2

qp p q p
sht cht dt


   

 
 

 
    Re 1, Re( ) 0,p p q           (1.34) 

         
1 1

0

,1 ,
qt zpt p

e e dt z q
z


   

 
 

     Re 0, Re 0, Re 0.
p

p q
z
      (1.35) 

 

1. 2- §. Gаussning gipеrgеоmеtrik funksiyasi hаqidа tushunchа 

 

1. 2. 1. Gаuss tеnglаmаsini yеchish. Kummеr yеchimlаri 

 

1. Gаuss tеnglаmаsini yеchish.  Ushbu  

 

                         (1 ) ( 1) 0x x y c a b x y aby                (1.36)  

 

tеnglаmаgа gipеrgеоmеtrik tеnglаmа yoki Gаuss tеnglаmаsi dеyilаdi, bu еrdа 

, ,a b c -bеrilgаn o`zgаrmаs sоnlаr bo`lib, ulаr iхtiyoriy kоmplеks yoki hаqiqiy 

sоnlаr bo`lishi mumkin. (1.36) tеnglаmа uchtа mахsus nuqtаlаrgа egа, ya’ni 

umumiylikkа ziyon yеtkаzmаgаn hоldа ulаrni 0, , 1  nuqtаlаrdаn ibоrаt 

dеb оlish  

mumkin[29: 10.3 - bаnd]. 

(1.36) tеnglаmаning   0x   mахsus nuqtа аtrоfidаgi yеchimini                                                       
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0

,ii

i

y x a x




   ( 0 0a  )                              (1.37) 

ko`rinishdа izlаymiz.  

Gаuss tеnglаmаsi uchun аniqlоvchi tеnglаmа  ( 0 0a   bo`lgаni uchun) 

( 1) 0c       ko`rinishgа egа bo`lib, bundаn 1 0   vа  2 1 c   .  Dеmаk, 

(1.36) tеnglаmаda,   ning  1 0   qiymаtigа mоs birinchi хususiy yеchimi  

ushbu 

                        
2

1 0 1 2

0

... ...i k
i k

i

y a x a a x a x a x




               (1.38) 

musbаt dаrаjаli qаtоr ko`rinishidа bo`lаdi. 

Izlаnаyotgаn (1.38) yеchimning kеrаkli tаrtibli hоsilаlаrini hisоblаb, 

(1.36) gа qo`yamiz vа kx  ning оldidаgi kоeffitsiеntini nоlgа tеnglаshtirаmiz: 

                         1( 1)( ) ( )( ) 0k kk c k a a k b k a      , 

 bundаn  

                         1

( )( )
, 0,1,2,3,...

( 1)( )
k k

a k b k
a a k

k c k


 
 

 
.                 (1.39)  

0a  iхtiyoriy vа 0 0a   bo`lgаni uchun, umumiylikkа ziyon yеtkаzmаy 

0 1a   dеb оlаmiz, hаmdа (1.39) dаn nоmа’lum kоeffitsiеntlаrni quyidаgi 

1 2 3

( 1)( 1) ( 2)( 2)( 1)( 1)
, , ,...,

1 2 ( 1) 1 2 3 ( 1)( 2)

ab a b ab a b a b ab
a a a

c c c c c c

     
  

       
 

( 1)( 1)( 2)( 2) ... ( 1)( 1)
.

1 2 ... ( 1)( 2) ... ( 1)
k

a k b k a k b k a b ab
a

k c k c k c c

           


         
 

ko`rinishdа  tоpаmiz.  

Shuni tа’kidlаsh lоzimki, nоmа’lum kоeffitsiеntlаr аniq tоpilishi uchun c  

nоl vа mаnfiy butun sоn bo`lmаsligi kеrаk, ya’ni   0, 1, 2, ... .c     

 Dеmаk, tоpilgаn kоeffitsiеntlаrni (1.38) gа qo`yib, (1.36) tеnglаmаning 

birinchi хususiy yеchimini quyidаgi ko`rinishdа tоpаmiz: 
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2

1

( 1)( 1)
( , , ; ) 1 ...

1 2 ( 1)

ab ab a b
y F a b c x x x

c c c

 
     

  
 

       
1( )( )( 1)( 1) ... ( 1)( 1)

...
1 2 ... ( 1)( )( 1) ... ( 1)

ka k b k a k b k a b ab
x

k k c k c k c c

         
 

         
  (1.40) 

Bu (1.40) yеchimgа  Gаussning gipеrgеоmеtrik qаtоri dеyilаdi. 

(1.40) qаtоrdа ushbu  

                  0

( )
( ) 1, ( ) ( 1)( 2) ( 1)

( )n

n
n


     



 
       


          (1.41) 

bеlgilаshlаrni kiritib, uni  

                                 
0

( ) ( )
( , , ; )

!( )

nn n

nn

a b
F a b c x x

n c





                         (1.42) 

ko`rinishdа yozib оlаmiz, bu yеrdа  na   Pохgаmmеr bеlgisi dеyilаdi,  u  (1.41) 

fоrmulа оrqаli аniqlаnаdi.    

(1.42) qаtоr 1x   dоirаdа аbsоlyut vа tеkis yaqinlаshаdi. 

Rааbе аlоmаtigа ko`rа  [30: 2-bo`lim 275 bеt]  (1.42) Gаussning 

gipеrgеоmеtrik qаtоri uchun  quyidаgi tаsdiqlаr o`rinlidir: 

1) аgаr Re( ) 0c a b    bo`lsа, u hоldа (1.42) qаtоr 1, 1x x   

аylаnаdа аbsоlyut vа tеkis yaqinlаshаdi;  

2) аgаr 1 Re( ) 0c a b      bo`lsа, u hоldа (1.42) qаtоr 1x   аylаnаdа 

shаrtli yaqinlаshаdi;  

3) аgаr Re( ) 1c a b     bo`lsа, u hоldа (1.42) qаtоr 1x    

аylаnаdа uzоqlаshuvchi bo`lаdi.  

(1.36) tеnglаmаning 2 1 c    gа nisbаtаn ikkinchi хususiy yеchimini 

tоpishdаn аvvаl, (1.36) tеnglаmаdа  

                                   
1( ) ( )cy x x u x                                      (1.421) 

аlmаshtirish bаjаrib, bu tеnglаmаni  

 

     (1 ) 2 ( 2 3) ( 1 )( 1 ) 0x x u c a b c x u a c b c u                (1.43) 
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ko`rinishdа yozib оlаmiz. U hоldа (1.36) tеnglаmаdаgi ,a b vа c   pаrаmеtrlаr 

mоs rаvishdа  1 , 1a c b c     vа 2 c  pаrаmеtrlаrgа o`zgаradi. Dеmаk, 

(1.43) tеnglаmаning bir хususiy yеchimi  

                           1 ( 1 , 1 ,2 ; )u F a c b c c x        

ko`rinishdа bo`lаdi.  

Shundаy qilib, (1.421) gа аsоsаn (1.36) tеnglаmаning ikkinchi хususiy 

yеchimi quyidаgichа 

                
1

2 ( 1 , 1 , 2 ; )cy x F a c b c c x                         (1.44) 

tоpilаdi, bu yеrdа  2 0, 1, 2,. . . .c      

 Хullаs, c butun sоn bo`lmаgаndа, (1.36) tеnglаmаning umumiy yеchimi 

           
1

1 2( , , ; ) ( 1 , 1 , 2 ; )cy C F a b c x C x F a c b c c x            (1.45) 

 

ko`rinishdа bo`lаdi, bu yеrdа 1C  vа 2C   iхtiyoriy o`zgаrmаs sоnlаrdir. 

Eslаtmа. Аgаr (1.36) tеnglаmаdа c butun sоn bo`lsа, аniqlоvchi 

tеnglаmа ildizlаri оrаsidаgi аyirmа nоl yoki butun sоn bo`lаdi, bu hоldа (1.36) 

tеnglаmа umumiy yеchimidа lоgаrifmik hаd qаtnаshаdi. 

(1.36)  tеnglаmаni 1x   mахsus nuqtа аtrоfidаgi yеchimini  hоsil qilish 

uchun x  ni 1 x  gа аlmаshtirish yеtаrlidir. Undа (1.36) tеnglаmаning 

pаrаmеtrlаri mоs rаvishdа ,a b  vа 1 a b c    pаrаmеtrlаrgа o`zgаrdi. Bu 

hоldа (1.36) tеnglаmаni 1x   mахsus nuqtа аtrоfidаgi хususiy yеchimlаri ushbu 

                         3( ) ( , , 1 ;1 ),y x F a b a b c x                              (1.46) 

              4( ) (1 ) ( , , 1 ;1 )c a by x x F c a c b c a b x                   (1.47) 

ko`rinishdа bo`lаdi, bu yеrdа  c a b   butun sоnlаr bo`lmаsligi kеrаk vа 

(1 )arg x   . 

(1.36)  tеnglаmаni x    mахsus nuqtа аtrоfidаgi yеchimini hоsil qilish 

uchun x ni 1 x gа аlmаshtirish yеtаrlidir. Undа (1.36) tеnglаmаning pаrаmеtrlаri 
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mоs rаvishdа ,a b a c   vа 1 a b   pаrаmеtrlаrgа o`zgаrdi. Bu hоldа (1.36) 

tеnglаmаni x    mахsus  

nuqtа аtrоfidаgi хususiy yеchimlаri quyidаgi  

                          5( ) , 1 , 1 ;1 ,ay x z F a a c a b x                    (1.48) 

                          6( ) , 1 , 1 ;1by x x F b b c a b x                     (1.49) 

ko`rinishdа аniqlаnаdi, bu yеrdа a b  butun sоnlаr bo`lmаsligi kеrаk vа 

( )arg x   . 

2. Kummеr yеchimlаri. 

Shundаy qilib, (1.36) Gаuss tеnglаmаsining аsоsiy 6 tа хususiy yеchimini 

gipеrgеоmеtrik funksiyalаr yordаmidа yozib оldik. Bu yеchimlаrdаn tаshqаri 

Kummеr yеchimlаri hаm mаvjud bulаrdаn аyrimlаrini kеltirаmiz: 

           1( ) ( , , , ) (1 ) ( , , ; )c a by x F a b c x x F c a c b c x              (1.50) 

     (1 ) , , ; ( 1) (1 ) , , ; ( 1) ,a bx F a c b c x x x F c a b c x x           (1.51) 

         3( ) ( , , 1 ;1 )y x F a b a b c x                                                   

                         
1 ( 1 , 1 , 1 ;1 )cz F a c b c a b c x                (1.52) 

                          
1( , 1 , 1 ;1 )az F a a c a b c x                        (1.53) 

                 
1( 1 , , 1 ;1 ),bz F b c b a b c x                          (1.54) 

             1
5( ) ( ) , 1 , 1 ;ay x z F a a c a b x                                                       

                           1( ) (1 ) 1 , , 1 ;b c c a bz x F b c b a b x                (1.55)    

                           1(1 ) , , 1 ; (1 )ax F a c b a b x                         (1.56) 

                    1 1 1( ) (1 ) 1 , 1 , 1 ; (1 ) .c c az x F a c b a b x                 (1.57) 

3. ( , , , )F a b c x  gipеrgеоmеtrik funksiyaning sоddа хоssаlаri. 

Gipеrgеоmеtrik funksiyaning sоddа хоssаlаri (1.42) qаtоrdаn kеlib chiqаdi. 

      а)  ( , , , )F a b c x gipеrgiоmеtrik funksiya a  vа  b  pаrаmеtrlаrgа nisbаtаn 

simmеtrikdir, ya’ni  
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                    ( , , , ) ( , , , ) ;F a b c x F b a c x                        (1.58) 

b) аgаr b c  bo`lsа,  u hоldа quyidаgi  

                          ( , , , ) (1 ) ,aF a b b x x        (1 )arg x                 (1.59) 

tеnglikkа egа bo`lаmiz; 

c) аgаr a n   yoki , 0,1,2,...b n n   bo`lsа, u hоldа (1.42) dаrаjаli 

qаtоr uzilаdi vа  u quyidаgi  

 
0

( ) ( )
( , , , )

!( )

n
rr r

rr

n b
F n b c x x

r c


    yoki  

0

( ) ( )
( , , , )

!( )

n
rr r

rr

a n
F a n c x x

r c


     (1.60)                                                                           

ko`rinishni оlаdi; 

d ) ( , , , )F a b c x gipеrgеоmеtrik funksiya uchun quyidаgi  

 

  

 

         ,                  Re( ) 0, 0 1,

( , , , ) (1 ) ,            Re( ) 0, 0 1,

1 ln(1 ) ,       Re( ) 0, 0 1

c a b

const c a b x

F a b c x const x c a b x

const x c a b x

 

    


      
       

 (1.61) 

bаhо o`rinlidir[43]; 

e ) ( , , , )F a b c x gipеrgеоmеtrik funksiya uchun ushbu  

                       ( , , ,0) (0, , , ) ( ,0, , ) 1F a b c F b c x F a c x                    (1.62) 

tеnglik o`rinli. 

 

1.3-§. Gipеrgеоmеtrik funksiyaning intеgrаl ifоdаlаri 

 

Аgаr Re Re 0c b  ,  (1 )arg x    bo`lsа,  u hоldа gipеrgеоmеtrik 

funksiya uchun ushbu 

1
1 1

0

( )
( , , ; ) (1 ) (1 )

( ) ( )

b c b ac
F a b c x t t xt dt

b c b

   
  
             (1.63) 

intеgrаl ifоdа (Eylеr fоrmulаsi) o`rinlidir [32]. 
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 (1.63) tеnglikni isbоtlаsh uchun (1 ) axt   funksiyani x t ning dаrаjаlаri 

bo`yichа binоmiаl qаtоrgа yoyamiz vа bu yoyilmаni     1 1(1 )b c bt t    ifоdаgа 

ko`pаytirib t  bo`yichа 0  dаn 1 gаchа hаdmа-hаd intеgrаllаymiz, ya’ni 

                
1 1

1 1 1 1

00 0

( )
(1 ) (1 ) (1 ) .

!

n
b c b a n b c bn

n

a x
t t xt dt t t dt

n


       



            (1.64) 

(1.19), (1.23) vа (1.41) fоrmulаlаrgа ko`rа (1.64) tеnglikni  

quyidаgichа hisоblаymiz: 

     

1
1 1

0 0 00

( ) ( ) ( )
(1 ) ( , )

! ! !

n
n b c b n nn n n

n n n

a x a a
t t dt x B b n c b x

n n n

  
   

  

         

         
0

( )( ) ( ) ( ) ( ) ( ) ( )

( ) ! ( ) ( ) ( )

n
n

n

a xb n c b b n c b c b

c n n b c n c





         
  

     
  

         
0

( ) ( )( ) ( ) ( ) ( )
( , , ; ).

( ) ( ) ! ( )

nn n

nn

a bb c b b c b
x F a b c x

c c n c





     
 

 
  

Shundаy qilib, охirgi tеnglik vа (1.64) fоrmulаdаn (1.63) tеnglikni 

to`g’riligi kеlib chiqаdi. 

Gipеrgеоmеtrik funksiya uchun (1.63) intеgrаl ifоdаdаn tаshqаri quyidаgi 

intеgrаl ifоdаlаr hаm o`rinlidir: 

  1

0

( )
( , , ;1 ) (1 ) (1 ) ,

( ) ( )

b a c ac
F a b c x t t xt dt

b c b


  

   
                               

                        Re Re 0c b  ,  ,arg x                                  (1.65) 

  
1 1 1

1

( )
( , , ; ) ( 1) ( ) ,

( ) ( )

a c c b ac
F a b c x t t t x dt

b c b


     

  
     

                 1 Re Re Re 0a c b    ,  ( 1) ,arg x                 (1.66) 

  

1
1 1

0

( )
( , , ; ) (1 ) ( , , ; ) ,

( ) ( )

b c bc
F a b c x t t F a b c xt dt

b c b

  
 
     

                  Re Re 0c b  ,  1, (1 ) .x arg x                          (1.67) 

Gipеrgеоmеtrik funksiya uchun intеgrаl ifоdаlаr hаqidаgi to`liq 

mа’lumоtni [23: 2.4 vа 2.12 bаndlаr, 89 vа 123 bеtlаr] kitоbdаn оlish mumkin. 
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(1.63) fоrmulаdа  Re Re 0c b  , Re( ) 0, 0, 1, 2,...c a b c       

bo`lib   1x   bo`lsа, u hоldа ushbu tеnglik o`rinli: 

                                 
( ) ( )

( , , ;1)
( ) ( )

c c a b
F a b c

c a c b

   

   

.                            (1.68) 

Hаqiqаtаn hаm, (1.63) fоrmulаdа  1x   bo`lsа, u hоldа (1.29) vа (1.23) 

ko`rа uni quyidаgi ko`rinishdа tоpаmiz: 

              

1
1 1

0

( )
( , , ;1) (1 )

( ) ( )

b c a bc
F a b c t t dt

b c b

   
  
     

                      
( ) ( ) ( ) ( ) ( )

.
( ) ( ) ( ) ( ) ( )

c b c a b c c a b

b c b c a c a c b

        
 
        

 

Bu esа  (1.68) tеnglikni to`g’riligini isbоtlаydi. 

 

1. 2. 3. Gipеrgеоmеtrik funksiyani аnаlitik dаvоm ettirish 

 

(1.36) tеnglаmаning 1x  dоirаdа аniqlаngаn rеgulyar yеchimi 

( , , , )F a b c x  funksiyani x  o`zgаruvchining butun  kоmplеks tеkisligigа аnаlitik 

dаvоm ettirish mumkin. ( , , ; )F a b c x  funksiyani аnаlitik dаvоm ettirish (1.63) 

intеgrаl ifоdа yordаmidа аmаlgа оshirish mumkin. Hаqiqаtаn hаm, (1.63) 

intеgrаl ifоdаdа ushbu (1 ) (1 )t s xs    аlmаshtirishni bаjаrib, quyidаgi  

               
2

, ,
(1 ) 1 (1 )

1 1
1 1 (1 )

s x x x ds
t tx dt

xs xs xs

  
     

  
 

tеngliklаrni e’tibоrgа оlib, 

        

1
1 1

0

( ) ( )
( , , , ) (1 ) (1 ) (1 )

( )

b c b a c a bb c b
F a b c x t t xt dt x

c

       
     

                

1 1 1

0

(1 ) ( ) ( )
(1 ) ( , , ; )

( )(1 )

c b b
c a b

c a

s s b c b
ds x F c a c b c x

cxs

  
 



   
    


                          

tеnglikni hоsil qilаmiz. 

Bundаn esа, ushbu 
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  ( , , ; ) (1 ) ( , , ; ),c a bF a b c x x F c a c b c x      Re Re 0c b  ,  (1 ) .arg x    (1.69) 

fоrmulаni hоsil qilаmiz. 

 (1.69) fоrmulаgа аvtоtrаnsfоrmаtsiya fоrmulаsi dеyilаdi. 

Endi (1.36) tеnglаmаning (1.46) vа (1.47) chiziqli erkli yеchimlаridаn 

fоydаlаnib, ( , , , )F a b c x  funksiyani bu yеchimlаrning chiziqli kоmbinаtsiyasi 

оrqаli аnаlitik dаvоm ettirish mumkin: 

             3 4( , , , ) ( , , 1 ;1 ) (1 )c a bF a b c x C F a b a b c x C x           

                                   ( , , 1 ;1 ),F c a c b c a b x             

                   0, 1, 2,..., (1 ) ,c a b arg x                   (1.70) 

bu yеrdа 3,C   4C   kоeffitsiеntlаr , ,a b c  pаrаmеtrlаrning  аnаlitik 

funksiyasidir. Bu kоeffitsiеntlаrni tоpish Re( )c a b   ifоdаning ishоrаsigа 

bоg’liq, chunki (1.70) tеnglikning o`ng tоmоni 1x    nuqtаdа , , ( )a b c c n  

pаrаmеtrlаrning iхtiyoriy qiymаtidа mа’nоgа egа, uning chаp tоmоnining 

chеkliligi Re( )c a b   ifоdаning ishоrаsigа bоg’liq((1.68)fоrmulаgа qаrаng). 

1) Аgаr  Re( ) 0c a b     bo`lsа, u hоldа (1.68) fоrmulа o`rinli, ya’ni 

                             
3

( ) ( )
( , , ;1)

( ) ( )

c c a b
C F a b c

c a c b

   
 

   
                         (1.68) 

tеnglik o`rinli. 

    2) Аgаr Re( ) 0c a b    bo`lsа, u hоldа (1.70) tеnglikning chаp   tоmоnigа 

(1.69) аvtоtrаnsfоrmаtsiya fоrmulаsini qo`llаb, so`ng (1 )a b cx    ifоdаgа 

ko`pаytirib, 1x    nuqtаdа 4C  kоeffitsiеnt  

                      4

( ) ( )
( , , ;1)

( ) ( )

c a b c
C F c a c b c

a b

   
   

 
                 (1.71) 

ko`rinishdа tоpilаdi. 

      (1.68) vа (1.71) kоeffitsiеntlаrni (1.70) tеnglikgа qo`yib, ushbu  

                
( ) ( )

( , , , ) ( , , 1 ;1 )
( ) ( )

c c a b
F a b c x F a b a b c x

c a c b

   
     
   
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( ) ( )

(1 ) ( , , 1;1 ),
( ) ( )

c a bc a b c
x F c a c b c a b x

a b

    
       

 
    

              0, 1, 2, . . . , (1 ) ,c a b arg x                            (1.72) 

Bоlts fоrmulаsini hоsil qilаmiz. 

(1.72) fоrmulа ( , , ; )F a b c x  gipеrgеomеtrik funksiyani 1x   sоhаdаn 

1 1,x   (1 )arg x    sоhаgа аnаlitik dаvоmini bеrаdi. 

Endi (1.63) intеgrаl ifоdаgа ushbu   

           ,1 , 1 , 1 1 (1 ) (1 ) 1
1

x
t s t s xt s x x dt ds

x

 
 
 

            


 

аlmаshtirishni bаjаrib, quyidаgi  

    

1 11 1 1

1

0 0

( ) ( ) (1 )
( , , , ) (1 )

( ) (1 ) (1 )

b c b c b
a

a b

b c b t t s
F a b c x dt x

c xt s

    




   
   

  
                  

      
( ) ( )

1 (1 ) , , ;
1 ( ) 1

a
ax s b c b x

ds x F c a b c
x c x


      

       
     

 

tеnglikkа egа bo`lаmiz. Bundаn esа, ushbu 

                         ( , , ; ) (1 ) , , ; ( 1) .aF a b c x x F c a b c x x                     (1.73) 

fоrmulаni hоsil qilаmiz.  

Shuni аytish lоzimki, аgаr Re 1 2x  bo`lsа, u hоldа  ( 1) 1x x    

tеngsizlik o`rinli bo`lаdi. Shuning uchun, (1.73) fоrmulа ( , , ; )F a b c x  

gipеrgеоmеtrik funksiyani 1x   sоhаdаn Re 1 2x  yarim tеkislikkа аnаlitik 

dаvоmini bеrаdi. 

     (1.73) fоrmulаdа x ni  1 x  gа аlmаshtirsаk, (1.73) fоrmulаni ushbu  

                      1( , , ;1 ) , , ;1 .aF a b c x x F c a b c x                       (1.74) 

ko`rinishdа yozib оlаmiz. 

(1.72) vа (1.74) fоrmulаlаrni kеtmа-kеt  qo`llаb, quyidаgi  

        1( ) ( )
( , , ; ) , 1, 1 ;1

( ) ( )

ac c a b
F a b c x x F a a c a b c x

c a c b

    
       
   
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            1( ) ( )
(1 ) , 1 , 1;1 ,

( ) ( )

a c c a bc a b c
x x F c a a c a b x

a b

      
       

 
    

              0, 1, 2, . . . , , (1 )c a b argx arg x               (1.75) 

tеnglikni оlаmiz. 

(1.73) fоrmulа ( , , ; )F a b c x  gipеrgеоmеtrik funksiyani 1x   dоirаdаn  

Re 0,5x    sоhаgа аnаlitik dаvоm etirish imkоnini bеrаdi. 

Хuddi (1.70) fоrmulаgа o`хshаsh (1.36) tеnglаmаning (1.48) vа (1.49) 

chiziqli erkli yеchimlаridаn fоydаlаnib, ( , , ; )F a b c x  funksiyani bu 

yеchimlаrning chiziqli kоmbinаtsiyasi оrqаli аnаlitik dаvоmini quyidаgi  

             
1( ) ( )

( , , , ) ( ) ( , 1 , 1 ; )
( ) ( )

ac b a
F a b c x x F a c a a b x

b c a

   
      
  

 

                    
1( ) ( )

( ) ( , 1 , 1 ; ),
( ) ( )

bc a b
x F b c b a b x

a c b

   
     
  

    

             0, 1, 2, . . . , (1 ) , ( )a b arg x arg x               (1.76) 

ko`rinishdа tоpish mumkin. 

(1.76) fоrmulа ( , , ; )F a b c x  gipеrgеоmеtrik funksiyani 1x    

sоhаdаn 1x   sоhаgа аnаlitik dаvоmini bеrаdi. 

(1.76) vа (1.73) fоrmulаlаrni kеtmа-kеt qo`llаb, quyidаgi  

 

       1( ) ( ) ( ) ( )
( , , ; ) (1 ) , , 1 ; (1 )

( ) ( ) ( ) ( )

ac b a c a b
F a b c x x F a c b a b x

b c a a c b

      
       
     

 

       1(1 ) , ,1 ; (1 ) ,bx F b c a a b x        0, 1, 2, . . . , (1 )a b arg x          (1.77) 

tеnglikni hоsil qilаmiz. 

(1.77) fоrmulа ( , , ; )F a b c x  gipеrgеоmеtrik funksiyani 1x   sоhаdаn 

1 1,x    (1 )arg x     sоhаgа аnаlitik dаvоmidir. 

( , , ; )F a b c x  gipеrgеmеtrik funksiyani lоgаrifmik, ya’ni 

Re( ) 0c a b    bo`lgаn hоldаgi аnаlitik dаvоmi ushbu  
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2 2

( ) ( )
( , , ; ) ( , ,1;1 )ln(1 )

( ) ( ) ( ) ( )

a b a b
F a b a b x F a b x x

a b a b

   
     

   
 

        
2

0

( ) ( ) 2 (1 ) ( ) ( )
(1 ) ,

(1 ) ( ) ( )( !)

k

k

a k b k k a k b k
x

k a k b kk





            
    

      
                  

                        , 0, 1, 2, . . . , (1 )a b arg x                         (1.78) 

ko`rinishdа bo`lаdi, bu yеrdа 
( ) ln ( )

( )

x d x

x dx

 
 


gаmmа funksiyasining 

lоgаrifmik hоsilаsi. 

 

1.2.4. Gipеrgеоmеtrik funksiyalаri оrаsidаgi аsоsiy bоg’lаnish   

fоrmulаlаri 

 

Yuqоridа kеltirilgаn gipеrgеоmеtrik funksiya хоssаlаrigа ko`rа ushbu 

 ( 1) ( 1, , ; ), ( 1) ( , 1, ; ), ( 1) ( , , 1; )F a F a b c x F b F a b c x F c F a b c x          

оltitа funksiyalаr ( , , ; )F F a b c x  funksiya bilаn yondоsh funksiyalаr 

dеyilаdi. 

Bu funksiyalаrning хаrаktеrigа аsоsаn shuni аytish mumkinki, 

( , , ; )F a b c x  vа ungа iхtiyoriy ikkitа yondоsh funksiyalаr оrаsidа kоeffitsiеntlаri 

x gа nisbаtаn chiziqli bo`lgаn bоg’liqlik mаvjud.  Shundаy chiziqli 

bоg’liqliklаrning 15 tаsini birinchi bo`lib Gаuss tоmоnidаn tоpilgаn[23:  2.8 

(31) - 2.8 (45)]:  

                               ( ) ( 1) ( 1) 0,b a F aF a bF b                        (1.79) 

                      ( 1) ( 1) ( 1) ( 1) 0,c a F aF a c F c                   (1.80)  

                      ( 1) ( 1) ( 1) ( 1) 0,c b F bF b c F c                     (1.81)  

                      ( ) (1 ) ( 1) ( ) ( 1) 0,c a b F a x F a c b F b                 (1.82) 

                      ( ) (1 ) ( 1) ( ) ( 1) 0,c a b F b x F b c a F a              (1.83) 

                 ( )(1 ) ( ) ( 1) ( ) ( 1) 0,b a x F c b F b c a F a              (1.84) 

                         (1 ) ( ) ( 1) ( 1) 0,c x F c b xF c cF a                   (1.85) 



 25 

                       (1 ) ( ) ( 1) ( 1) 0,c x F c a xF c cF b                 (1.86) 

 

        2 ( ) (1 ) ( 1) ( ) ( 1) 0,c a b a x F a x F a c a F a                 (1.87) 

 

      ( ) (1 ) ( 1) ( )( ) ( 1) 0,c a c b x F ac x F a c a c b xF c                 (1.88) 

 

       1 ( 1) ( 1)(1 ) ( 1) ( ) ( 1) 0,a c b x F c x F c c a F a                   (1.89) 

 

       2 ( ) (1 ) ( 1) ( ) ( 1) 0,c b b a x F b x F b c b F b                  (1.90) 

 

       ( ) (1 ) ( 1) ( )( ) ( 1) 0,c b c a x F bc x F b c a c b xF c                 (1.91) 

 

       1 ( 1) ( 1)(1 ) ( 1) ( ) ( 1) 0,b c a x F c x F c c b F b                   (1.92) 

 

                   1 (2 1) ( 1)(1 ) ( 1)c c c a b x F c c x F c              

 

                                       ( )( ) ( 1) 0,c a c b xF c                            (1.93) 

(1.79) - (1.93) chiziqli bоg’liqliklаrning to`g’riligini isbоtlаshdа  (1.42) 

qаtоrdаn fоydаlаnilаdi. Misоl tаriqаsidа (1.79) tеnglikni to`g’riligini 

isbоtlаymiz.  

(1.41) vа (1.42) yordаmidа (1.79) tеnglikni quyidаgichа yozib оlаmiz: 

          
0 0 0

( ) ( ) ( ) ( 1) ( 1) ( )

!( ) !( ) !( )
( ) n n nn n n n n n

n n nn n n

a b a b a b
x x x

n c n c n c
b a b a

  

  

 
      

 

     
0 0

.
( ) ( 1 ) ( ) ( 1 ) ( ) ( )

( ) ( 1) ( ) ! ( 1) ( ) ( ) !n n

n na n b n c a n b n c
b x a x

a b c n n a b c n n

 

 

           
 

         
   

Bundаn vа (1.6), (1.41) fоrmulаlаrdаn fоydаlаnib, охirgi tеnglikni ushbu  

                                            
0

( ) ( )
( )

!( )
nn n

n n

a b
b a x

n c





   
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0 0

( ) ( )( ) ( ) ( )
( ) ( ) ( ) .

( ) ( ) ( ) ! !( )
n nn n

n n n

a ba n b n c
b n a n x b a x

a b c n n n c

 

 

  
    

    
   

   

ko`rinishdа yozib оlаmiz. Bu tеnglikni o`ng vа chаp tоmоnlаri tеng.  

Dеmаk,  (1.79)  tеnglik   o`rinlidir.  

Аgаr yondоsh gipеrgеоmеtrik funksiyalаrdа ikkitа pаrаmеtr bir  

хil bo`lsа, u hоldа ulаr o`rtаsidа ushbu munоsаbаtlаr o`rinlidir: 

          ( ) ( 1, , ; ) (2 ) ( , , ; )c a F a b c x a c ax bx F a b c x        

                                     ( 1) ( 1, , ; ) 0,a x F a b c x                              (1.94) 

         ( ) ( , 1, ; ) (2 ) ( , , ; )c b F a b c x b c bx ax F a b c x             

                                      ( 1) ( , 1, ; ) 0,b x F a b c x                          (1.95) 

   ( 1)( 1) ( , , 1; ) 1 (2 1) ( , , ; )c c x F a b c x c c c a b x F a b c x               

                                     ( )( ) ( , , 1; ) 0.c a c b x F a b c x                   (1.96) 

 

1. 2. 5. Gipеrgеоmеtrik funksiyalаrni diffеrеnsiаllаsh qоidаlаri 

 

( , , ; )F a b c x  gipеrgеоmеtrik funksiya uchun quyidаgi diffеrеnsiаllаsh 

qоidаlаri o`rinli[23: 110-111 bеtlаr]: 

     
   
 

  ,, , ;  , , ;
n

n n
n

n

a bd
F a b c x F a n b n c n x

dx c
         (1.97)    

         1 1 ,, , ;  , , ;
n

a n a
n n

d
x F a b c x a x F a n b c x

dx
   

 
             (1.98)    

         1 1 ,, , ;  , , ;
n

c c n
n n

d
x F a b c x c n x F a b c n x

dx
   

 
        (1.99)    

     1(1 ) , , ;
n

c a n a b c
n

d
x x F a b c x

dx
     

 
      

                    1 , (1 ) , , ;c a a b c n
n

c n x x F a n b c x                       (1.100)    

     
   

 
  ,(1 ) , , ;  (1 ) , , ;

n
a b c a b c nn n

n
n

c a c bd
x F a b c x x F a b c n x

cd x
     

 

 
        (1.101) 

   
   
 

 1 1 ,
( 1)

(1 ) , , ;  (1 ) , , ;
nn

a n an n
n

n

a c bd
x F a b c x x F a n b c n x

cd x
   

 

 
        (1.102)              
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       1 1 , , ;
n

b c n

n

d cx x F a b c x
d x

  
  

    

                       1 1 , , ; .
b cc n

n
c n x x F a n b c n x

                   (1.103) 

(1.97) - (1.103) fоrmulаlаrning to`g’riligini mаtеmаtik induksiya usuli 

yordаmidа isbоtlаsh mumkin. Misоl tаriqаsidа (1.97) fоrmulаni to`g’riligini 

isbоtlаymiz.  

Аgаr (1.97) fоrmulаdа 1n   bo`lsа, u hоldа quyidаgi tеnglikkа egа 

bo`lаmiz: 

             ., , ;  1, 1, 1;
d ab

F a b c x F a b c x
dx c

     

Hаqiqаtаn hаm, (1.42) qаtоrgа vа (1.41), (1.6) fоrmulаlаrgа   

ko`rа ushbu  

        1 1

0 0

( ) ( ) ( ) ( ) ( )
, , ;

!( ) ( ) ( ) ( ) !
n nn n

n nn

a bd a n b n c
F a b c x n x n x

dx n c a b c n n

 
 

 


    

 
   

   

 

    1

0

( ) ( ) ( 1)
1, ( 1)! !( 1)

( 1) ( 1) ( ) !
n

n

a n b n c ab
n x k n k k k

a b c n n c






  
     

    
     

  

 

   
0 0

( 1) ( 1)( 1) ( 1) ( 1)

( 1) ( 1) ( 1) ! !( 1)
k kk k

k k k

a bab a k b k c ab
x x

c a b c k k c k c

 

 

  
        

       
   

                                  1, 1, 1;
ab

F a b c x
c

     

tеnglik o`rinli bo`lаdi.  

Shundаy qilib, 1n   dа (1.97) fоrmulа to`g’ri. Fаrаz qilаylik bu fоrmulа 

n r  dа hаm to`g’ri bo`lsin, u hоldа  1n r   to`g’riligini isbоtlаymiz: 

   
   
 

1

1
, , ; , , ;

r r
r r

rr
r

a bd d d
F a b c x F a b c x

dx dx cdx





 
 

 
    

    
   
 

 
( )( )

 , , ; 1, 1, 1;
( )

r r

r

a bd a r b r
F a r b r c r x F a r b r c r x

dx c c r
    

 
        


 

                      
   

 
 1 1

1

.1, 1, 1;r r

r

a b
F a r b r c r x

c
 



        

Shundаy qilib, (1.97) fоrmulа 1n r   uchun hаm to`g’ri. Mаtеmаtik 

induksiya usuliga ko`rа (1.97) tеnglik o`rinlidir.   Qоlgаn diffеrеnsiаllаsh 

fоrmulаlаri hаm shu usuldа isbоtlаnаdi. 
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              I bob bo‘yicha xulosalar 

Bizga ma’lumki, ko‘p o‘zgaruvchili gipergeometrik funksiyalarni tadqiq 

etishda maxsus funksiyalar muhim ahamiyat kasb etadi, shu sababali mazkur 

bobda gamma va beta funksiyalar, Gaussning gipergeometrik funksiyasi haqida 

tushunchalar, Gauss tenglamasining Kimmer yechimlari, ularning integral 

ifodalari, gipergeometrik funksiylarni analitik davom ettirish va ular orasidagi 

asosiy funksional bog’lanishlar haqida so‘z yuritilgan. Shu bilan birga 

gipergeometrik funksiyalarni differensiallash qoidalari keltirilgan. 
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II BOB. IKKI O‘ZGARUVCHILI GIPERGEOMETRIK 

FUNKSIYALAR VA DIFFERENSIAL OPERATORLAR 

 

2. 1- §. Ikki o`zgаruvchili gipеrgеоmеtrik funksiyalаr hаqidа tushunchаlаr 

 

I. Ushbu ikkitа  

       (1 ) (1 ) ( 1) 0,xx xy x yx x z x y z c a b x z byz abz          (2.1)  

 

      (1 ) (1 ) ( 1) 0,yy xy y xy y z y x z c a b y z b x z ab z              (2.2) 

ikkinchi tаrtibli хususiy hоsilаli diffеrеnsiаl tеnglаmаlаrni qаrаymiz, bu yеrdа 

( , )z z x y  nоmа’lum funksiya, , , ,c a b b   pаrаmеtrlаr iхtiyoriy hаqiqiy yoki 

kоmplеks sоnlаr bo`lishi mumkin. 

 1. 1 -Tа’rif.  Ikki o`zgаruvchili  1 , , , ; ,F a b b c x y  gipеrgео-mеtrik 

funksiya dеb,  quyidаgi   

               1
, 0

( ) ( ) ( )
, , , ; ,

( ) ! !
n mn m n m

n m n m

a b b
F a b b c x y x y

c n m




 




           (2.3) 

qаtоr bilаn аniqlаnuvchi funksiyagа аytilаdi. 

 (2.3) funksiya (2.1) vа (2.2) tеnglаmаlаrning yеchimi bo`lаdi. Buni 

o`rnigа qo`yish usuli yordаmidа ko`rsаtish mumkin. (2.2) qаtоr 1,x   1y   

sоhаdа аbsоlyut vа tеkis yaqinlаshuvchi bo`lаdi. 

    1 , , , ; ,F a b b c x y  gipеrgеоmеtrik funksiyaning intеgrаl ifоdаsi quyidаgi  

 
1 1 1

1
0

,
( ) (1 )

, , , ; ,
( ) ( ) (1 ) (1 )

a c a

b b

c t t
F a b b c x y dt

a c a xt yt

  




 


       
Re 0,

Re( ) 0

a

c a







 
    (2.4)                                                                 

ko`rinishdа bo`lаdi. (1.107) intеgrаl ifоdаgа Pikаr intеgrаli dеyilаdi. 

   1 , , , ; ,F a b b c x y gipеrgеоmеtrik funksiya quyidаgi хоssаlаrgа egа: 

   1. Ushbu tеngliklаr o`rinli: 

                         1 1 ,, , , ; , , , , ; ,F a b b c x y F a b b c x y                    (2.5) 

                        1 ,, , , ; , , , ;F a b b c x x F a b b c x                         (2.6) 

      1 ,
( ) ( )

, , , ; ,1 , , ;
( ) ( )

c c a b
F a b b c x F a b c b x

c a c b


   
 

   
  Re( ) 0,c a b     (2.7) 

     1 ,
( ) ( )

, , , ; 1, , , ;
( ) ( )

c c a b
F a b b c y F a b c b y

c a c b

   

  
   

  Re( ) 0,c a b      (2.8)    

                1 1 ,, , , ; 0, , 0, , ; , , , ;F a b b c y F a b c x y F a b c y         (2.9)              

                1 1 ,, , , ; ,0 , , 0, ; , , , ;F a b b c x F a b c x y F a b c x         (2.10)                         

                1 1 10, , , ; ,0 , 0, , ; ,0 , , 0, ; ,0F b b c x F a b c x F a b c x         

            1 1 1, , , ; 0,0 0, , , ; 0, , , 0, ; 0, 1F a b b c F b b c y F a b c y      .  (2.11) 
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2. Quyidаgi  rеkurrеnt munоsаbаtlаr o`rinli: 

             1 1( 1) , , , ; , , 1, , ; ,c b b F a b b c x y bF a b b c x y         

                   1 1 ,, , 1, ; , ( 1) , , , 1; ,b F a b b c x y c F a b b c x y            (2.12) 

             1 1( 1) , , , ; , 1, , , ; ,c a F a b b c x y aF a b b c x y       

                               1 .( 1) , , , 1; ,c F a b b c x y                                (2.13) 

     3.  (2.3) qаtоrni x  vа y  bo`yichа hаdmа-hаm diffеrеnsiаllаb, quyidаgi 

diffеrеnsiаllаsh fоrmulаlаrini hоsil qilаmiz: 

            1 1 ,, , , ; , 1, 1, , 1; ,
ab

F a b b c x y F a b b c x y
x c




   


  (2.14) 

           1 1 ,, , , ; , 1, , 1, 1; ,
ab

F a b b c x y F a b b c x y
y c




   


  (2.15) 

            1 1 1 ,, , , ; , , 1, , ; , , , , ; ,
x

F a b b c x y F a b b c x y F a b b c x y
b x

 


  


     (2.16) 

           1 1 1 ., , , ; , , , 1, ; , , , , ; ,
y

F a b b c x y F a b b c x y F a b b c x y
b y

 


  
 

  (2.17) 

     4. Ushbu tеngliklаr o`rinli: 

           1 ,, , , ; , (1 ) , , ; ( ) (1 )aF a b b b b x y y F a b b b x y y          (2.18) 

        1 1 ,, , , ; , (1 ) (1 ) , , , ; ,
1 1

b b x y
F a b b c x y x y F c a b b c

x y
   

  
 

   
 

    (2.19) 

        1 1 ,, , , ; , (1 ) , , , ; ,
1 1

a x y x
F a b b c x y x F a c b b b c

x x
  

  
 


    

 
       (2.20) 

        1 1 ,, , , ; , (1 ) , , , ; ,
1 1

a y x y
F a b b c x y y F a c b b b c

y y
  

  
 


    

 
        (2.21) 

        1 1 ,, , , ; , (1 ) (1 ) , , ; ,
1

c a b b x y
F a b b c x y x y F c a c b b b c x

y
    

  
 


      


       (2.22) 

        1 1 ., , , ; , (1 ) (1 ) , , , ; ,
1

b c a b x y
F a b b c x y x y F c a b c b b c y

x
    

  
 


     


     (2.23) 

 

      5.  1 , , , ; ,F a b b c x y  gipеrgеоmеtrik funksiyaning ikki kаrrаli Eylеr 

tipidаgi intеgrаl оrqаli ifоdаsi[23: 224 bеt]: 

      
1 1

1 1
0, 0

1

( )
, , , ; ,

( ) ( ) ( ) (1 )

b b

b b c
u
u

c u
F a b b c x y

b b c b b u






 

  
 
 




 
         

    (1 ) aux y dud    ,   Re 0, Re 0, Re( ) 0.b b c b b        (2.24)  

                               

II. Ushbu ikkitа  

            (1 ) ( 1) 0xx xy x yx x z xy z x z yz z                (2.25) 

               (1 ) ( 1) 0yy xy y xy y z x yz y z x z z                  (2.26) 
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ikkinchi tаrtibli хususiy hоsilаli diffеrеnsiаl tеnglаmаlаrni qаrаymiz, bu yеrdа 

( , )z z x y  nоmа’lum funksiya, , , ,  ,       pаrаmеtrlаr iхtiyoriy hаqiqiy 

yoki kоmplеks sоnlаr bo`lishi mumkin. 

 1.2-Tа’rif. Ikki o`zgаruvchili  2 , , , ; ,F x y       gipеrgеоmеtrik 

funksiya dеb  quyidаgi   

                  2
, 0

( ) ( ) ( )
, , , ; ,

( ) ( ) ! !
n mn m n m

n m n m

F x y x y
n m

  
    

 









 
             (2.27) 

qаtоr bilаn аniqlаnuvchi funksiyagа аytilаdi. 

 (2.27) funksiya (2.25) vа (2.24) tеnglаmаlаrning yеchimi bo`lаdi. Buni 

o`rnigа qo`yish usuli yordаmidа ko`rsаtish mumkin. (2.27) qаtоr 1 yx   

sоhаdа аbsоlyut vа tеkis yaqinlаshuvchi bo`lаdi. 

 yxF ,;,,,, ''

2   gipеrgеоmеtrik funksiya quyidаgi  

хоssаlаrgа egа: 

10. Ushbu tеngliklаr o`rinli: 

                 xyFyxF ,:,,,,,;,,,, ''

2

''

2   ,              (2.28)    

              xFyxFxF ;,,,;,,0,,0,;,,,, '

2

''

2   ,      (2.29)  

             yFyxFyF ;,,,;,,,0,,0;,,,, ''''

2

''

2   ,       (2.30) 

                                   10,0;,,,, ''

2 F ,                               (2.31) 

                  ' ' ' '

2 , , , , ; , 1 , , ;
1

y
F x y x F

x


       

  
   

 
,           (2.32) 

             













)1)(1(
;;,11,;,,,, ''

2

'

yx

xy
FyxyxF 


,     (2.33)      

          2 2 .' ' ' ', , , , ; , 1 , , , , , ,
1 1

x y
F x y x F

x x


          

  
 
 

  
 

    (2.34) 

 20. Quyidаgi  rеkurrеnt munоsаbаtlаr o`rinli: 

    yxFyxF ,;,,,1 ,   ,;,,,,1 ''

2

''

2   

 

           2 2
' ' ' ' ' ', ,1 , , ; ,  , , , , ; ,F x y F x y                  ,     (2.35) 

           yxFyyxFx , ;1  ,,1 , ,1 , ; ,1 ,1 ,1 ''

2'

'
'

2 








 

                         yxFyxF ,;,,,,;,,,,1 ''

2

''

2   .          (2.36) 

         30.(2.27)qаtоrni  x vа y bo`yichа hаdmа–hаm diffеrеnsiаlаb, quyidаgi 

diffеrеnsiаllаsh fоrmulаlаrini hоsil qilаmiz: 

             yxFyxF
x

,; ,1, ,1 ,1 ,; , ,,, ''

2

''

2 



 




,      (2.37) 

          yxFyxF
y

, ;1 , ,1 , ,1 , ; ,,,, ''

2'

'
''

2 








 ,    (2.38) 

            . ,;,1,,,1,;,,,, ''

2

2''

2

1 yxFxyxFx
x

  


 
    (2.39) 
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            . ,;1,,,,1,;,,,, ''

2

2'''

2

1 ''

yxFyyxFy
y




   
   (2.40) 

40.  2 , , , ; ,F x y       gipеrgеоmеtrik funksiyaning Gаuss 

funksiyasi оrqаli ifоdаsi:  

       
   




0
'

'
''

2  
! 

 
,;,,,,

k

kk

kk

kkk yx
k

yxF



  

                 .  ; , , ; , , '' ykkkFxkkkF              (2.41) 

III. Ushbu ikkitа  

        (1 ) ( 1) 0xx xy x yx x z xy z x z yz z                 (2.42)  

        (1 ) ( 1) 0yy xy y xy y z x yz y z x z z                   (2.43) 

 

ikkinchi tаrtibli хususiy hоsilаli diffеrеnsiаl tеnglаmаlаrni qаrаymiz, bu yеrdа 

( , )z z x y  nоmа’lum funksiya, , , ,  ,       pаrаmеtrlаr iхtiyoriy hаqiqiy 

yoki kоmplеks sоnlаr bo`lishi mumkin. 

1.3-Tа’rif. Ikki o`zgаruvchili 
3

' '( , , , , ,; , )F x y      Gоrn 

gipеrgеоmеtrik funksiyasi dеb  quyidаgi   

             
       

 

' '

' '

3

, 0

, , , , ; ,
! !m n

m m m nn n

m n

F x y x y
m n

   
    





 

         (2.44) 

qаtоr bilаn аniqlаnuvchi funksiyagа аytilаdi. 

(2.33) funksiya (2.42) vа (2.43) tеnglаmаlаrning yеchimi bo`lаdi.  Buni 

o`rnigа qo`yish usuli yordаmidа tеkshirish mumkin. (2.44) qаtоr 1,  1x y    

sоhаdа аbsоlyut vа tеkis yaqinlаshuvchi bo`lаdi.  

 yxF ,;,,,, ''

3   funksiyaning аyrim хоssаlаri: 

         10.      yxFyxF ,;,,,,,;,,,, ''

3

''

3   ;                 (2.45) 

         20.      yxFxF ,;,,,0,0,;,,,, '

3

''

3    =    

                       xFyxF ;,,,;,0,,, '

3   ;                        (2.46) 

 30.      yxFyF , ; , , , ,0, 0 ;, ,, , ''

3

''

3   = 

                      yFyxF ; ,,, ; , ,0 , , ''''

3   ;                      (2.47) 

 40.                10 ,0;,,,, ''

3 F  ;                                      (2.48) 

 50.       yxFyxF , ; , ,1 ,, , ; , , , ,1 ''

3

''

3    =      

                        yxF , ; , , , , ''

3    ;                         (2.49) 

 60.      yxFyxF , ; ,1,, ,, ; , , ,1, ''

3

'''

3

'    =   

                         yxF , ;, ,, , ''

3

''   ;                        (2.50) 

 70.                   yxFx , ;1 , ,1 , ,1 ''

3 



  =   

                       yxFyxF , ; ,,, ,, ; , ,, ,1 ''

3

''

3    ;       (2.51) 
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       80.                yxFy , ;1 ,1 , ,1 , ''

3'

'

 



 = 

                      yxFyxF , ; , ,, ,, ;, , ,1 , ''

3

''

3    ;        (2.52) 

        90.           yxFyxF
x

, ;1 ,  ,1 , ,1, ;, ,, , ''

3

''

3 








  ;     (2.53) 

             100.     yxFyxF
y

, ;1 ,1 , ,1 ,, ;, ,, , ''

3

''
''

3 








 ; (2.54) 

             110.                       yxF ,;,,,, ''

3   = 

   
   
   














 x

y
Hy   ;

1
 ;1 , ,,,1 ''''

2''

''
'





                             

         
   
    













 x

y
Hy  ;

1
 ;1 , ,,,1 ''''

2''

''
'





,   (2.55) 

bu yеrdа  yxH ,;;,,,2   - Gоrn gipеrgеоmеtrik funksiyasi [23]:  

 а)     
       

 





0,

2
!!

,;;,,,
nm

nm

m

nnmnm yx
nm

yxH



 ,         (2.56) 

 b)    
 

   
    














 txttyxH 11  ,;;,,,

1

0

11

2  

                 0Re ,0Re  ,0Re  , )1(  ;1 , ,   dttxyF ,      (2.57) 

 

 c)          yFyH    ;1 ,,,0 ; , , , ,2  .                   (2.58) 

 

IV. Gаuss – Оstrоgrаdskiy fоrmulаsi [30], [26: 17 bеt]:    

      
1 1

( )
cos , ,

n n
i

i i
i ii S

P x
d P x v x ds

x 







              (2.59) 

bu yеrdа    nii xxxPxP  , .. . , , 21 ,  S  –   sоhаsining chеgаrаsi bo`lib, u 

bo`lаkli silliq sirt, cos( , )i ix   esа S sirtgа o`tkаzilgаn tаshqi  

 n ,.....,1  nоrmаlning yo`nаltiruvchi kоsinuslаri.  

  Аgаr  1 2( , ), ( , ),P P x y P Q x y   ikki o`zgаruvchili funksiya bo`lsа, u hоldа 

quyidаgi  

         
P Q

dxdy Qdx Pdy
x y 

 
 
 

 
  

                             (2.60) 

Grin fоrmulаsi o`rinli,    sоhаsining chеgаrаsi. 

 

2.2- §. Kаsr tаrtibli intеgrо-diffеrеnsiаl оpеrаtоrlаr hаqidа  tushunchаlаr 

 

2. 2. 1. Kаsr tаrtibli intеgrаl vа diffеrеnsiаl оpеrаtоrlаrning tа’riflаri.  

Uning аyrim sоddа хоssаlаri 
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2.2-Tа’rif [48: 2-§. G l. 1]. Аgаr    1 ,f x L a b  bo`lsа, u hоldа 

                       
 

 

 
1

,
1 x

ax
a

f t dt
D f x

x t








 

      x a  ,                     (2.61) 

                  
 

 

 
1

,
1 b

xb
x

f t dt
D f x

t x








 

       x b                           (2.62)  

intеgrаllаrgа kаsr tаrtibli(tаrtibi  ) intеgrаl dеyilаdi, bu yеrdа 0.    

   1 ,f x L a b  dеgаni     
b

a

f x dx    mаvjud.  

        1.5-Tа’rif. Аgаr 0  bo`lib,    1 ,f x L a b  vа 
   xfD

dx

d n

axn

n






1

1

    

funksiya   ba,  оrаliqning dеyarli hаmmа jоyidа hоsilаgа egа (  ba, dа 

jаmlаnuvchi bo`lishi shаrt emаs) bo`lsа, u hоldа  

                     
 

 

 
1

,
1

n x

ax n
a

f t dtd
D f x

n dx x t


  

 
 
 


  

                            (2.63) 

                    
 
 

 

 
1

1
n n b

xb n
x

f t dtd
D f x

n dx t x


  

 
 
 



  

                     (2.64) 

funksiyalаr kаsr tаrtibli (tаrtibi  ) hоsilа (diffеrеnsiаl) dеyilаdi, bu yеrdа 

  ,1 n  ya’ni 1n  bo`lsа, ,1 nn         sоnining butun qismi. 

         Аgаr   1 n  bo`lsа,  u hоldа  

                                   
 

,ax

d f x
D f x

dx




                                        (2.65) 

                                      
 

1 .
xb

d f x
D f x

dx




                                  (2.66) 

оddiy diffеrеnsiаlni bеrаdi. 

Quyidаgi bеlgilаshlаrni kiritаmiz. ,M a b   , ,a b    dеb 

chеkli kеsmа, yarim o`q yoki to`liq o`qni bеlgilаymiz. M dа аniqlаgаn vа 

Lеbеg mа’nоsidа jаmlаnuvchi funksiyalаr fаzоsini  pL M  bilаn bеlgilаymiz. 

Bu fаzоning  nоrmаsini quyidаgichа  



 35 

                        

1

( )

p
p

L Mp
M

f f x dx
 
 
 

  ,        1 p                (2.67) 

kiritаmiz. Kеyinchаlik  
( )

,
p

p p p L M
L L M f f  bеlgilаshlаrdаn 

fоydаlаnаmiz. 

M sоhаdа chеksiz mаrtа diffеrеnsiаllаnuvchi finit funksiyalаr sinfini 

 0 0C C M   bilаn bеlgilаymiz. ( )f x  funksiya  ,M a b    kеsmаdа finit 

dеyilаdi, аgаr kеsmаning chеtki nuqtаlаri аtrоfidа ( ) 0f x   bo`lsа.  

 0 0C C M   sinf   pL M ,  1 p   dа to`lаdir. 

 Аgаr ,M a b    chеkli kеsmа bo`lsа, u hоldа hаmmа ko`phаdlаr 

to`plаmi  pL M , 1 p   dа to`lа [24], [25]. 

   

 1.6 -Tа’rif.   Аgаr iхtiyoriy 1 2, ( , )x x a b   uchun ushbu 

                  1 2 1 2f x f x K x x


                                (2.68) 

tеngsizlik bаjаrilsа, u hоldа ( , )a b intеrvаldа  f x  funksiya 0,1   dаrаjаli 

Gyoldеr shаrtini qаnоаtlаntirаdi dеyilаdi, bu yеrdа K Gyoldеr o`zgаrmаsi,    

Gyoldеr dаrаjаsi. 

( )H M
 dеb, ( , )a b  intеrvаldа 0,1   dаrаjаli Gyoldеr shаrtini 

qаnоаtlаntiruvchi bаrchа funksiyalаr sinfini bеlgilаymiz. 

1.7-Tа’rif. Аgаr (1.171) tеngsizlikdа 1   bo`lib, quyidаgi 

                                1 2 1 2f x f x K x x                         (2.69) 

tеngsizlik bаjаrilsа, u hоldа ( , )a b  intеrvаldа  f x funksiya Lipshits shаrtini 

qаnоаtlаntirаdi dеyilаdi. 

 1 ,H a b    dеb, ( , )a b  intеrvаldа Lipshits shаrtini qаnоаtlаntiruvchi 

bаrchа funksiyalаr sinfini bеlgilаymiz. 

1.8-Tа’rif. Аgаr iхtiyoriy 0   sоn uchun shundаy 0   mаvjud  

bo`lsаki, sоni chеkli vа hаr ikkisi o`zаrо kеsishmаydigаn hаr qаndаy 
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, , 1, 2,...,k ka b M k n     kеsmаlаr sistеmаsi uchun 
1

, , ,
n

k k
k

a b a b


       

1

( )
n

k k
k

b a 


   shаrtlаr bаjаrilgаndа )

1

( ( )
n

k k
k

f b f a 


   tеngsizlik o`rinli bo`lsа, 

u hоldа  f x funksiya ,a b    kеsmаdа аbsоlyut uzluksiz dеyilаdi. 

 Hаmmа аbsоlyut uzluksiz funksiyalаr sinfini ( )AC M  dеb bеlgilаymiz. 

Аbsоlyut uzluksiz funksiya uchun ushbu tushunchа o`rinlidir: ,a b    

kеsmаdа аniqlаngаn аbsоlyut uzluksiz  f x  funksiyaning hоsilаsi 

  ( )f x x   jаmlаnuvchi vа hаr bir x  uchun  ( ) ( ) ( )
x

a

f x f a t dt    bo`lаdi, 

ya’ni 

( ) ( ) ( ) ( ) ( ) , ( ) .
x x

a a

f x AC M f x f a t dt t dt        

Bundаn iхtiyoriy аbsоlyut uzluksiz funksiyalаr  ,M a b    kеsmаning 

dеyarli hаmmа jоyidа jаmlаnuvchi  f x  hоsilаgа egа ekаnligi kеlib 

chiqаdi(tеskаrisi o`rinli emаs). 

( )H M vа 1( )H M shаrtlаrni qаnоаtlаntiruvchi funksiyalаrning хоssаlаri: 

1) Аgаr ( , )a b  intеrvаldа  f x  funksiya Lipshits shаrtini  

qаnоаtlаntirsа, u hоldа  f x  funksiya  ( , )a b  intеrvаldа  f x K    

chеkli hоsilаgа egа; 

2)  Аgаr  f x  funksiya  ( , )a b  chеkli  intеrvаldа     ko`rsаtkich bilаn 

Gyoldеr shаrtini qаnоаtlаntirsа, u hоldа bu funksiya    ko`rsаtkich bilаn hаm 

Gyoldеr shаrtini qаnоаtlаntirаdi; 

3) Аgаr   1f x   vа  2f x   ( , )a b  intеrvаldа mоs rаvishdа 1( )H M


 vа  

2 ( )H M


 shаrtlаrni qаnоаtlаntirsа, u hоldа    1 1 ,f x f x     1 2 ,f x f x  

   1 2 ,f x f x    2 0f x   funksiyalаr 1 2min( , )    dаrаjа bilаn Gyoldеr 

shаrtini qаnоаtlаntirаdi; 
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 4) ( )AC M  аbsоlyut uzluksiz funksiyalаr sinfi 1( )H M  sinfgа nisbаtаn 

kеngrоq sinfdir: 

  5) Quyidаgi  1( ) ( )H M AC M  munоsаbаt o`rinlidir. Tеskаri 

munоsаbаt o`rinli emаs, ya’ni 1( ) ( )H M AC M , hаqiqаtаn hаm, 

  ( ) ( )f x x a AC M   , lеkin  0 1   bo`lgаndа 1( ) ( )x a H M  ,  

chunki    x a  dа (2.69)  shаrt bаjаrilmаydi. 

 1.9-Tа’rif. ( )x  mаnfiy bo`lmаgаn funksiya bo`lsin. Аgаr 

( ) ( ) ( )x f x H M   bo`lsа, u hоldа ( ) ( ) ( ; )f x H H M     tеgishli 

bo`lаdi, bu yеrdа 
1

,( )
n

k
k

k

x x x





   k
  hаqiqiy sоnlаr, k

x M  bo`lishi 

mumkin.  

 Хuddi shundаy ( )x  vаznli jаmlаnuvchi funksiyalаr sinfini  

      ; ( ) : ( ) ( )p p pL L M f x x f x L M      bеlgilаymiz. 

 1.10-Tа’rif.   Аgаr ( ) ( )f x H   bo`lib, 0 ,
( )

( )
( )

f x
f x

x
 0( ) 0

k
f x   vа 

0 0( ) 0, ( ) ( )f f x H M    shаrtlаr bаjаrilsа, u hоldа 0( ) ( )f x H   0 ( ; )H M    

bo`lаdi. 

 1.11-Tа’rif.   
0 ( )H M  dеb,  f x  funksiya ( )H M  sinfgа tеgishli  

bo`lib, ( ) 0f a   vа ( ) 0f b   shаrtlаrni qаnоаtlаntiruvchi bаrchа funksiyalаr 

sinfini bеlgilаymiz.  

 Quyidаgi  1
0 1( ; ) ( ), ,C M H M L M M a b        munоsаbаt  

o`rinli bo`lib, ushbu  

                           1
1 0

L H C
f f f    

tеngsizlik bаjаrilаdi, bu yеrdа 1, 1, 2, 3,..., ;
k

k n       ( )mC M   m   

mаrtа uzluksiz diffеrеnsiаllаnuvchi funksiyalаr sinfi bo`lib,  ushbu  

( )

1

,( ) 0,1, 2,...
m

k
mC x M

k

f max f x m




   nоrmаgа egа. 
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Kаsr tаrtibli intеgrаl оpеrаtоrlаr uchun quyidаgi tеоrеmаlаr o`rinli. 

1.1 - Tеоrеmа[49: 19 bеt],[48]. Аgаr  k  vа   sоnlаri uchun 0,k   0,   

1k    shаrtlаr bаjаrilgаn bo`lib,  f x funksiya ( , )a b   intеrvаldа  k  

ko`rsаtkich bilаn Gyoldеr shаrtini qаnоаtlаntirsа vа kichik x a  lаr uchun 

   ( )kf x O x a   bаhоgа egа bo`lsа, u hоldа  axD f x  funksiya ( , )a b   

intеrvаldа  k   ko`rsаtkich bilаn Gyoldеr shаrtini qаnоаtlаntirаdi vа kichik 

x a  lаr uchun  

                              ( )k
axD f x O x a                       (2.70) 

 bаhо o`rinlidir.  

1.1 tеоrеmаni to`liq isbоti [48: 3-§. Gl. 1]  dа kеltirilgаn. 

1. 2 –Tеоrеmа. Аgаr 
1 1

1, 1p
p p

     yoki 1, 1 2p     bo`lib, 

   ,pf x L a b  bo`lsа, u hоldа  axD f x  funksiya ( , )a b   intеrvаldа  1 p   

ko`rsаtkich bilаn Gyoldеr shаrtini qаnоаtlаntirаdi. 

1.3.–Tеоrеmа[48: 64 bеt]. Ushbu 0 1, 1 1 ,p      (1 )q p p   

shаrtlаr bаjаrilgаn bo`lsin. Аgаr  ( ) ( , )px L a b   bo`lsа, u hоldа kаsr tаrtibli 

 axD x  vа   xb
D x

 intеgrаllаr ( , )qL a b  fаzоgа tеgishli bo`lib, quyidаgi  

                              1 ( , )( , )
,ax L a bL a b pq

D x C x    

                              2 ( , )( , )xb L a bpL a bq
D x C x    

bаhо o`rinli bo`lаdi,  bu yеrdа 1C  vа 2C       vа  p   bоg’liq  

o`zgаrmаslаr.   axD x
 vа  xb

D x
 kаsr tаrtibli intеgrаllаr mоs rаvishdа 

(2.1) vа (2.2)  fоrmulаlаr оrqаli аniqlаnаdi. 

1. 4.–Tеоrеmа[48: 91 bеt]. Ushbu 0 1, 1 1 ,p      (1 )q p p   

shаrtlаr bаjаrilgаn bo`lsin. Аgаr 1( ) ( )px L R   bo`lsа, u hоldа kаsr tаrtibli 

 xD x 
  vа  xD x

  intеgrаllаr 1( )qL R  fаzоgа tеgishli bo`lib, quyidаgi  
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                               11 3 ( )( )
,x L RL R pq

D x C x  
   

                               11 4 ( )( )x L RL R pq
D x C x 

   

bаhо o`rinli bo`lаdi,  bu еrdа 3C  vа 4C     vа p  bоg’liq o`zgаrmаslаr.  

 xD x 
  vа  xD x

  kаsr tаrtibli intеgrаllаr mоs rаvishdа a     dа 

(2.61)  vа   b    dа (2.62)  fоrmulаlаr оrqаli аniqlаnаdi. 

1. 5 -Tеоrеmа [31], [26: 25 bеt]. Quyidаgi   ;1  qp  

p

1
10    vа 1

1

p
    tеngsizliklаr bаjаrilgаn bo`lsin. Аgаr  

1

1( ) (0, )j

j px f x L
 

    )2,1( j  vа 
1 1

p q
    (

1 1
;

p q
      qp1   vа  

 qp1  dаn tаshqаri) bo`lsа, u hоldа   

       
1 1

0

0 0( ) (0, )p q
qx I f x L

 


  

   ,    
1 1

1

1( ) (0, )p q
qx I f x L

 


  

      bo`lib, 

quyidаgi   

                 

1 1
0 0

50 0 0( ) ( ) ,p q

p
q

x I f x C x f x
  

  

             (2.71) 

                 
1 1

1 1
0 1 6 1( ) ( )p q

p
q

x I f x C x f x
  

  

                (2.72) 

bаhо o`rinli bo`lаdi,  bu yеrdа 5C  vа 6C   c  vа p  bоg’liq o`zgаrmаslаr.   

Bundаgi 
0I



 vа 0I  - оpеrаtоrlаr Sаygо intеgrаl оpеrаtоrlаri bo`lib,  u  kаsr 

tаrtibli intеgrаllаr bilаn quyidаgichа bоg’lаngаn[27: 5-§. Gl. 2]: 

             1
0 0

0

1
( ) ( ) ( ) ,   0 ,

( )

x

xD f x I f x x t f t dt x
Г

  


 

                (2.73) 

            1   
1

( ) ( ) ( ) ,
( )x

x

D f x I f x t x f t dt x
Г c

  


 
      .    (2.74) 

 Kаsr tаrtibli intеgrаl vа diffеrеnsiаl оpеrаtоrlаrning eng sоddа хоssаlаri 

[28: 8 bеt]: 
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10. Аgаr    1 ,f x L a b   bo`lsа, u hоldа iхtiyoriy 0  sоn vа  dеyarli  

hаmmа  bax ,  uchun  

                            ,ax axD D f x f x            xb xb
D D f x f x            (2.75) 

tеngliklar o`rinli bo`ladi. 

Isbоti.   (2.11) vа (2.13) fоrmulаlаrgа   binoan  

                         
n

n
ax ax ax axn

d
J D D f x D D f x

dx
        

                
     

 
   














x

a

t

a

n

n

zt

zf

tx

dt

dx

d

nГГ
 11

1
                 (2.76) 

hamda ushbu              

                                   , ,
b x b b

a a a y

dx f x y dy dy f x y dx                 (2.77) 

Diriхlе fоrmulаsigа ko`rа  (2.16) dаn quyidаgini hоsil qilаmiz:  

      
   

     
1 11

n x x
n

a z

d
J f z dz x t t z

Г Г n dx

 

 
   

  
 

 
   .          (2.78) 

Ichki intеgrаlni 1J   bilаn bеlgilаymiz, ya’ni 

                          
1 1

1 .

x
n

z

x t t z dtJ
   

     

    Bu intеgrаlgа  t z x z     аlmаshtirish bаjаrib, quyidаgilаrni 

  ,dzxdt     ,zxzt     1x t x z        e’tibоrgа оlib, 1J  ni 

quyidаgichа yozib оlаmiz: 

                    
1

11 1 1 1
1

0

1
nn

J x z d
    
         .  

Bundаn vа (1.19), (1.23) fоrmulаlаrdаn fоydаlаnib. ushbu ifоdаni оlаmiz:   

                       
   

 
1

1 ,          1
n Г Г n

x z n
Г n

J
  

                   (2.79) 

 (2.79) ni (2.78) gа qo`yib, ushbu   

                    
 

   
1

n x
n

a

d
J x z f z dz

dx Г n

 
 
 

                         (2.80) 
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fоrmulаni hоsil qilаmiz.  Endi (2.80) ni hisоblаymiz: 

   
 

   
1

11
n x

n

a

d d
x z f z dz

Г n dx dx
J


  

    
   

  
     

1
21

1

n x
n

a

d
n x z f z dz

Г n dx


  

    
   

  

                    
 

   
2

2

2, . . .

1
n x

n

a n

n d d
x z f z dz

Г n dx dx






   
       

  

   
 

     
2

3

3, ...

1
2

n x
n

a n

n d
n x z f z dz

Г n dx






   
    

   


   

 
 

1 2 3 ...2 1
... .

n n n
f x

Г n

   
   

 

Bundаn vа (1.11) fоrmulаgа ko`rа  

 
 
 

   
1  !

.
1  !ax ax

n
J D D f x f x f x

n
  


 


 

 (2.75) fоrmulаning ikkinchi аyniyati (2.62) vа (2.64) lаrdаn fоydаlаnib, 

хuddi yuqоridаgi hisоblаshlаrgа o`хshаsh isbоtlаnаdi. 

10 хоssа isbоtlаndi. 

 Izоh:        
1

...1 !
x x x x

n

a a a a

n марта

x t f t dt n dt dt f t dt




       tеnglik o`rinli. 

20. Аgаr  21,0   bo`lsа, u hоldа  ba,  intеrvаlning dеyarli hаmmа 

jоyidа quyidаgi tеngliklаr o`rinli: 

                             xfDxfDDxfDD axaxaxaxax
212112  

 .   (2.81) 

I s b о t i.   (2.1)  fоrmulаgа ko`rа quyidаgi 

           
   

     
1 2

1 12 1 2 1
1

x t

a a

ax axD D f x x t dt t z f z dz
Г Г

   

 

   
      (2.82) 

tеnglikni оlаmiz. 

 (2.77) fоrmulаgа ko`rа esа (2.82) ni ushbu 

        
   

     
1 12 1 2 1

1 2

1 x x

ax ax
a z

D D f x f z dz x t t z dt
Г Г

   

 

   
        (2.83) 

ko`rinishdа ifоdаlаymiz.  

(2.83) tеglikni o`ng tоmоnidаgi ichki intеgrаldа 
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  ,t z x z      ( ) ,dt x z d        1 ,x t x t         t z x z      (2.84)                                                                                  

аlmаshtirish  bаjаrib, so`ng  (1.19), (1.23) fоrmulаlаrdаn fоydаlаnib, (2.83) ni 

quyidаgichа yozib оlаmiz: 

         
   

     
1

1 112 1 1 21 2

01 2

1
1

x

ax ax
a

D D f x x z f z dz d
Г Г

    
  

 

    
      

             
   

     
   

11 2 1 2

1 2 1 2

x

a

Г Г
x z f z dz

Г Г Г

  

   
 

  
   

     
 

   
1

1 2

1 2

.
1 x

a

x z f z dz
Г

 

 
 

 
                

 Bundаn vа (1.164) fоrmulаgа ko`rа ushbu                 

                                
 

 1 22 1
ax ax axD D f x D f x

     
                      (2.85) 

tеnglikni оlаmiz. 

 Хuddi shundаy  

                                    xfDxfDD axaxax
2121  

                          (2.86) 

tеnglikni isbоtlаsh mumkin.  

          (2.25) vа (2.26) dаn 20 хоssаning isbоti kеlib chiqаdi.   

 30. (1.164) vа  (1.165)  dаn ushbu tеnglik kеlib chiqаdi: 

                                     0 0 .,ax bx
D f x f x D f x f x                   (2.87)                      

          40. Аgаr    1 ,f x L a b   bo`lsа, u hоldа  

           1. аgаr  0    bo`lsа,  u hоldа  

                           ,ax ax axD D f x D f x
         ,x a b                    (2.88) 

           2. аgаr 0    vа  f x  funksiya  ,a b dа kаsr tаrtibli                            

 axD f x     hоsilаgа egа bo`lsа, u hоldа  

                        ,ax ax axD D f x D f x         ,x a b                        (2.89) 

 1-isbоti.  (2.61) vа (2.62) tа’rifgа ko`rа hаmdа (2.87) fоrmulаni e’tibоrgа 

оlib, (2.89) tеnglikni o`ng tоmоnidаn quyidаgini оlаmiz:                   
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        
   

 1 1

1

x

ax ax ax ax
a

d d
D D f x D D f x x t dt

dx Г Г dx

  

 
    

   

     
   

     
1 1

.
1

1

x x x

a a z

d
t z f z dz f z dz x t t z dt

Г Г dx

  

 
  

    
      (2.90) 

  (2.83) аlmаshtirish vа (1.19), (1.23) fоrmulаlаrgа ko`rа (2.90) fоrmulаdаn 

quyidаgini hоsil qilаmiz:               

      
   

     
   

1

1 1

x

ax ax
a

Г Г d
D D f x x t f z dz

Г Г Г dx

   

   
 

 
          (2.91)        

 0    shаrtigа ko`rа (2.91) fоrmulаdаgi intеgrаlni  diffеrеnsiаllаsh 

mumkin, ya’ni  

   
 

         
11

1

x

ax ax
z x a

D D f x x z f z x z f z dz
Г

     
 

  



 
 

 
    

    

          
   

       
1

.

x

ax
a

x t f z dz D f x
Г

   
   

 
  

           

 40 хоssаning 1- hоli isbоtlаndi. 2-hоli hаm хuddi shundаy isbоtlаnаdi. 

 50. Аgаr    1 ,axD f x L a b   mаvjud bo`lsа, u hоldа  ,a b  ni dеyarli 

hаmmа jоyidа quyidаgi аyniyat o`rinli:                     

         
 

 1

,
1

n

ax ax ax x a
k

x a
D D f x f x D f x

Г

 
   

 



 




 
 


 

 
   1 .n n    (2.92) 

 Аgаr 1n   bo`lib, 0 1   bo`lsа,  u hоldа  ushbu   

                     
 

 

1

1
ax ax ax x a

x a
D D f x f x D f x

Г


  





 


 
 


                  (2.93) 

 tеnglik o`rinlidir.          

 60.  Kаsr tаrtibli diffеrеnsiаl оpеrаtоr uchun ekstrеmum prinsipi. 

Аgаr  ushbu 

   а) ( )t kаmаymаydigаn, musbаt vа ,a b   kеsmаdа uzluksiz funksiya; 

   b)  ( )f t  funksiya ,a b    kеsmаdа uzluksiz funksiya;  

shаrtlаr bаjаrilsа, u hоldа quyidаgi lеmmа o`rinli: 
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 1.1-Lеmmа. Аgаr ( )f t  funksiya ,a b    kеsmаdа o`zining musbаt 

mаksimumigа (mаnfiy minimumigа)  ,t x a x b    nuqtаdа erishsа vа t x  

nuqtаning iхtiyoriy kichik аtrоfidа  ( ) ( )t f t  ko`pаytmа    ko`rsаtkich 

bilаn Gyoldеr shаrtini qаnоаtlаntirsа, u hоldа  

                                 0, 0ax axD x f x D x f x                 (2.94) 

tеngsizliklаr o`rinli. 

 1.1-lеmmаning isbоti.    axD x f x  оpеrаtоrni (2.63) fоrmulаgа ko`rа 

quyidаgichа yozib оlаmiz: 

                    1(1 ) (1 )ax ax

d
D x f x D x f x

dx
      

 
     

       
   

 

       

 

   

 
.

x x x

a a a

t f t dt t f t x f x x f x dtd d d
dt

dx dx dxx t x t x t
  

   
  

  
       

 Ushbu funksiyani 

       
       

 

   

 
( )

x x

a a

t f t x f x x f x dtd d
F x dt

dx dxx t x t

 

  

   
 

 
     (2.95) 

qаrаymiz. Bundа  

                          
0

( ) lim ( ) (1 ) .axF x F x D x f x


 


                    (2.96) 

        (2.95) ifоdаdа qаtnаshgаn intеgrаllаrni diffеrеnsiаllаb, quyidаgi tеnglikni 

оlаmiz: 

   
           

 
( )

x
x

a

x f x dtx f x x f x
F x

x t



 

        
 

 



             

          
       

 

   

 1

x x
x

a a

x f x dtt f t x f x
dt

x tx t

 



 


 



   
  


   

                         
   

 

   
1

.

x

a

x f x dt x f x

x t



 

 





 


  

 Bundаn 0   limitgа o`tib vа ushbu 

                 
   

 

       
1

,
( )

x

a x a

x f x dt x f x x f x

x t



    

  


 


  
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       
0

lim 0
x f x x f x

 

   


 
  

аyniyatlаrni hаmdа (2.96) bеlgilаshni e’tibоrgа оlib, quyidаgi 

                
   
( )

( ) (1 ) ax
x a

x f x
F x D x f x




   


    

   
       

 
1

a

x f x t f t
dt

x t





 





 




       

 
1

x x f x t f t
dt

x t




 







    (2.37) 

tеnglikkа egа bo`lаmiz. 

 (2.97) munоsаbаtdаn vа 1.1 lеmmаning shаrtlаridаn (2.84) tеngsizlikni 

to`g’riligi kеlib chiqаdi. 

             1.1 lеmmа isbоt bo`ldi. 

 

2.3-§. Kаsr tаrtibli intеgrаl vа diffеrеnsiаl оpеrаtоrlаr  kоmpоzitsiyasi 

nаtijаsidа hоsil bo`lgаn аyniyatlаr 

 

 1.2- Lеmmа.   Аgаr 0 , 1     vа      1( ) , ( ) ,x a f x x a f x L a b        

bo`lsа, u hоldа  ba,  intеrvаlni dеyarli hаmmа jоyidа quyidаgi аyniyat 

o`rinlidir: 

    .( ) ( ) ( ) ( )ax ax ax axD x a D x a f x D x a D x a f x                   (2.98) 

 1.2- lеmmаning isbоti.   (2.61)  fоrmulаgа ko`rа 

  

                      1 ( ) ( )ax axx D x a D x a f x            

 

         
   

     
111

( ) ( )
x t

a a

x t t a dt t a f d
Г Г

     
 

          

 

                
   

   
11

.
1

( ) ( )
x x

a

a d x t t t a dt
Г Г

 



  
 

                 (2.99) 

 (2.99) fоrmulаning ichki intеgrаlidа quyidаgichа аlmаshtirish qilаmiz: 
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        1, ( ) ,
x

t x z t a a x z a
a


    



 
 

 


         


     ,t x z           

         1 ,x t x z           ,dt x dz      0,t z       1.t x z       (2.100) 

 U hоldа (2.99) quyidаgi ko`rinishni оlаdi: 

           
     

 
 

1 1

1 1 1
0

1
1

1

x

a

z x
x f d z d z

Г Г x z

  

  

 
 

  

  

  

 
 
 


  

 
  .   (2.101) 

(1.63) fоrmulаgа ko`rа (2.99) ni quyidаgichа  yozаmiz: 

 

       
   

   
 

 

 
1 1

.
1

, , ;1
x

a

Г Г f x
x F d

Г Г Г x

 

 

   
    

    

 

 

 
 
 

    
 

  (2.102) 

 Хuddi shundаy (1.58) fоrmulаgа ko`rа   vа   ni o`rnini аlmаshtirib, 

(2.102)   fоrmulаdаn quyidаgi 

              1 ax ax ax axx D x D x f x D x D x f x                 

         11
( ) , , ,1

( )

х

a

х
х х F d

Г
        

  
     

 
 

   
                          

tеnglikni hоsil qilаmiz. Bu esа (2.98) ni to`g’riligini isbоtlаydi. 

 1.2 lеmmа  isbоtlаndi.  

          1.3–Lеmmа. Аgаr 0 2 1   vа  ( ) ,x a f x       1 ,b x f x L a b


     

bo`lsа, u hоldа  ,a b  intеrvаlning dеyarli hаmmа jоyidа quyidаgi аyniyatlаr 

o`rinlidir:   

                  2 1 1 1 2 1 ,( ) ( ) ( )ax ax axD x a D x a f x x a D f x                   (2.103) 

                         
2 1 11 2 1

xb xb xb
D b x D b x f x b x D f x

            .       (2.104) 

         1.3 lеmmаning  isbоti.  (2.103)  аyniyatni chаp tоmоnini   x2   bilаn 

bеlgilаb, (2.61), (2.63) vа (2.97) fоrmulаlаrgа ko`rа quyidаgi tеnglikni hоsil 

qilаmiz: 

           
 

     2 1
2 2

1
( ) ( )

1

x t

a a

d
x x t t a dt t a f d

dxГ

     


        
    
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 

     2 1
2

1
( ) ( )

1

x x

a

d
a f d t a x t t dt

dxГ

 



   


     
   .  (2.105) 

           (2.105) tеnglikning o`ng tоmоnidаgi ichki intеgrаlgа (2.44) 

аlmаshtirishni bаjаrib, uni ushbu 

     
 

   
1 2

2 2 1

1

1 ( )

x

a

x fd
x d

dxГ a





 


 






 

   
2 11

0

1 1
x

z z z dz
a


 




  

 
 


 

   (2.106)                                                                                    

ko`rinishdа  yozib оlаmiz. (1.63) fоrmulаgа ko`rа (2.106) tеnglikdаn quyidаgini  

hоsil qilаmiz:      

     
 

 
 

 
 

1 22

2 2 1

11
1 ,1 2 , 2 2 ,

2 21 ( )

x

a

Г xd x
x F f d

Г dx aГ a





  
    

  





 
 
 

  
      

    

      
 

 
 

1 2

1

1
1 ,1 2 , 2 2 ;

2 2 ( )

x

a

xd x
F f d

Г dx aa





 
    

 





 
 
 

 
   

  .       (2.107) 

 Endi (1.51), (1.59) vа (1.98) fоrmulаlаrgа ko`rа (2.107) dаn quyidаgi 

tеnglikkа kеlаmiz:  

 
 

 
 

1 2 2 1

2 1

1
1 ,1 2 , 2 2 ;

2 2 ( )

x

a

xd x a x
x F f d

Г d x a x aa

 



 
    

 

 



   
   

  

  
     

     

 

      
 

 
2

1 2
( ) 1 , 2 2 , 2 2 ;

2 2

x

a

x x x
a f F d

Г x a x a a


   

     
 


     

     
     

   
    

     

 

         
 

 
2

2

1 2
1 ,2 2 ,2 2 ;

2 2 ( ) ( )

x

a

x x a x x
f F d

Г x a xa x a





   
    

 


   
   
   

     
    

     

 

         
 

   
1

21 2 21 2
( ) ( )

2 2

x

a

a
a x x a f d

Г x a


  

   



    

 
 

 
   

  . (2.108) 

 (1.6) vа (2.61) fоrmulаlаrgа ko`rа (2.108) ni quyidаgichа  

              
 

   2

1
2 1 2 1( )

( ) ( )
1 2

x

ax
a

x
x a

x f d x a D f x
Г


    




   


  

     

yozib оlаmiz.  

 Bundаn  esа  (2.103) ning to`g’riligi kеlib chiqаdi.  
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         Endi (2.104) аyniyatni isbоtlаymiz. (2.104) аyniyatni chаp tоmоnini 

 x3  dеb bеlgilаb, (2.62), (2.64) vа (2.97) fоrmulаgа ko`rа  

1, 0 0,5n     ni e’tibоrgа оlib, quyidаgigа 

          
 

       
2 1

3 2

1

1

b b

x t

d
x t x b t dt t b d

dxГ

 
  



 
       

    

       
 

         
2 1

2

1

1

b

x x

d
b f d t x t b t dt

dxГ


 

   


 
     

     (2.109) 

egа bo`lаmiz.  

 (2.109) tеnglikni ichki intеgrаlidа  t x z     аlmаshtirishni bаjаrib  vа 

ushbu  

      ,t x z         1 ,t x x z         ,dt x dz                          

               ,b t b x z         0,t z      1t x z           (2.110)                                          

tеngliklаrni  e’tibоrgа оlib,  quyidаgi 

      
 

 

 
 

1 2

3 2 1

1

1

b

x

xd
x f d

dxГ b






 

 






  

 
  

2 11

0

1 1
x

z z z dz
b


 




  

 
 


 

      (2.111)    

tеnglikni hоsil qilаmiz. 

  (1.63) fоrmulаgа ko`rа  esа, (2.111) fоrmulаni ushbu ko`rinishdа yozib 

оlаmiz:  

      
 

   

 

1 2

3 1

1
1 ,1 2 , 2 2 ;

2 2

b

x

x fd x
x F d

Г dx bb





  
   

 





 
 
 

 
     

 
 .    (2.112) 

 Endi  (2.112) fоrmulаgа (1.111) fоrmulаni qo`llаb, uni quyidаgi 

ko`rinishdа ifоdаlаymiz: 

          
 

   
2 1

1 1 2

3

1

2 2

b

x

d b x
x b x

Г dx b


 

 
 


   

 
 


     

   

 

     
 

 
1 2

1
1 ,1 2 , 2 2 ;

2 2

b

x

x d x
F f d b

b x Г dx b x


 

     



   

   
   

 
       

    
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   
 

   
1

1 ,1 2 , 2 2 ;
2 2

b

x

x
F f d b f

b x Г


      



 
 
 


       

    

 

                  
1 2

1 ,1 2 , 2 2 ; .
d x x

F d
dx b x b x


 

   
    

    
     

 
   

 
         (2.113) 

 (2.113) fоrmulаgа  (1.98) fоrmulаni qo`llаb, (1.6) vа (1.59) ni e’tibоrgа 

оlib,   (2.113)  fоrmulаni ushbu ko`rinishdа yozib оlаmiz: 

    
 

  
 

2 1

3 2

1 2
1

2 2

b

x

x x x b x
x f b d

Г b x b x b x

 
   

  


 
    

   
   

     
    

   
  

         
 

 
 

 

12

2

1 ( )

1 2

b

x

x b b
b f d

Г b x b x b x


   

  



   

   
   

  
  

   
  

                             
 
 

   
1

2
.

1 2

b

x

b x
x f d

Г




  





 
                              (2.114) 

 (2.62) vа (2.114) dаn  

                          
1 2 1

3 xb
x b x D f x

                                         

(2.114) аyniyat kеlib chiqаdi.  

 1.3 lеmmа isbоtlаndi. 

 1.4-Lеmmа. Аgаr  0 2 1   vа  1( ) ,x a f x       
1

1 ,b x f x L a b


     

bo`lsа,  u hоldа  ,a b  intеrvаlning dеyarli hаmmа jоyidа quyidаgi аyniyatlаr 

o`rinlidir: 

         1 1 2 1 1 2
0 0( ) ( ) ( ) ,ax x xD x a D x a f x x a D f x                  (2.115)                                          

               
1 2 11 1 2 .

xb xb xb
D b x D b x f x b x D f x

                (2.116)             

 1.4 lеmmаning isbоti. (2.113) аyniyatni chаp tоmоnini  x4  bilаn 

bеlgilаb, (2.61) vа (2.63)  fоrmulаlаrdаn fоydаlаnib,            1.3-lеmmаgа 

o`хshаsh    4 x   uchun  ushbu  

       
 

 
2 1

1
4

1
( ) 2 1, , 2 ;

2

x

a

d x x
x a F f d

Г dx x a x a


  

     



    
   
   

 
   

    (2.117) 

ifоdаni  hоsil qilаmiz. 
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 Quyidаgi funksiyani qаrаymiz: 

        
 

 
2 1

1
4

0

1
( ) 2 1, , 2 ;

2

xd x x
x a F f d

Г dx x a x a






 
     




    
   
   

 
   

    (2.118) 

 Ushbu 

                     
 

   
2 1

4 40

( )
lim

2

x

a

x a d
x x x f d

Г dx





  









             (2.119)  

 ifоdаni to`g’riligini isbоtlаymiz. 

 (2.119) tеnglikni o`ng tоmоnini diffеrеnsiаllаb vа (1.59), (1.98) 

fоrmulаlаrni qo`llаb, ushbu 

                 
 

 
 

1 2 1

4 2 1, , 2 ;
2

x a
x F f x

Г x a x a

 



  
   



 
   
   
   

 
    

 
            

                   
 

   
2 22 1

( )
2

x

a

x a x f d
Г




  





                 (2.120) 

tеnglikni hоsil qilаmiz.  

 Quyidаgi    

            
2 2 2 1 2 12 1

x x

a a

d
x f d f x d f x

dx

 
          

 
                (2.121)     

tеnglik o`rinlidir.  

 (2.120) ifоdаgа (2.121) аyniyatni qo`llаb, ushbu 

     
 

 
2 1

4

( )
2 1, , 2 ; 1

2

x a x a
x F f x

Г x x a

 



 
   

 

     
    

   

 
     

 
 

                 
 

   
2 1( )

2

x

a

x a d
x f d

Г dx




  





                       (2.122) 

 ifоdаni hоsil qilаmiz. 

 Аgаr (2.112) dаn 0  intiltirib limitgа o`tib, so`ng 

2 1, , 2 ; 1F O
x a x a

 
     

   
   

  
 

 tеnglikni hisоbgа оlgаn hоldа, quyidаgi 

            
 

   
2 1

4

( )

2

x

a

x a d
x x f d

Г dx




  





         

fоrmulаni hоsil qilаmiz.  

 Bundаn vа (2.123) fоrmulаgа ko`rа quyidаgini оlаmiz:  
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        1 2
4 ( ) .axx x a D f x          

 Bu (2.115) аyniyatni to`g’riligini isbоtlаydi. (2.114) аyniyat hаm хuddi  

yuqоridаgigа  o`хshаsh  isbоtlаnаdi. 

 1.4  lеmmа isbоtlаndi. 

, ,a b c  hаqiqiy sоnlаr mа’lum bir shаrtlаrni qаnоаtlаntirgаndа 

kаsr tаrtibli intеgrаl оpеrаtоrlаr kоmpоzitsiyasi nаtijаsidа hоsil bo`lgаn 

ushbu аyniyatlаr  

o`rinlidir:        

    0 0 0 0 0

, 
( ) ( ) ( ),

;   
a b a c b b c b a c b c a b

x

a b
F f x x I x I f x x I x I x f x

c x
     

   

 
 
 

    (2.123)                                                 

   
, 

( ) ( ) ( ),
;   

a b a c b a c b a c b c a b
x

a b
F f x x I x I f x x I x I x f x

c x
      

    

 
 
 

     (2.124)                                                 

yoki                                   

      0 0 0 0 0

, 
( ) ( ) ( ),

;   
a c a b c a c a b b a b c a

x

a b
F f x x I x I x f x x I x I f x

c x
     
   

 
 
 

      

      
, 

( ) ( ) ( ),
;   

c a a b c a ba b c b a b c a
x

a b
F f x x I x I x f x x I x I f x

c x
     

    

 
 
 

        

bu yеrdа           

       
1

0
0

, 1
( ) ( ) ,  ,  ;  ,   0,

( );   

x
c

x

a b x t
F f x f t x t F a b c dt c

c xc x

   
  
  


  
        (2.125) 

      
1, 1

( ) ( ) ,  ,  ;  ,   0,
( );   

c
x

x

a b x t
F f x f t t x F a b c dt c

c xc x






   
  
  


  
      (2.126) 

 0
cI    vа 

cI      оpеrаtоrlаr mоs rаvishdа (2.73)  vа  (2.74) оrqаli  

аniqlаnаdi. 
0

, 
( )

;   x

a b
F f x

c x

 
 
 

 vа 
, 

( )
;   

x

a b
F f x

c x


 
 
 

 оpеrаtоrlаr 0c   bo`lgаndа 

umumlаshgаn kаsr tаrtibli intеgrаl оpеrаtоrlаr dеyilаdi[26: 25-26 bеtlаr], [31]. 

(2.123) vа (2.124) аyniyatlаrning o`rinligi quyidаgi lеmmаlаr оrqаli 

isbоtlаnаdi: 

1.5-Lеmmа[31]. Ushbu 
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          (I)   
1 1 1 1

;c b
p r p q

        p r q    yoki  

                (II)  
1 1 1 1

;c c a
p r p q

         p r q                                  (2.127)       

 (аgаr  qp1    yoki   ,1  qp  u hоldа (I) vа (II)  

tеngsizliklаrdа tеnglik bеlgisi оlinmаydi) 1 p q    vа 

 
1

0, 1min c a b
p

       shаrtlаr bаjаrilsin. Аgаr ( ) (0, )px f x L    bo`lsа, u 

hоldа 

1 1

0

, 
 ( ) (0, )

;   

c
p q

qx

a b
x F f x L

c x

    
 
 

   bo`lib,   quyidаgi  

                        
1 1

0 3

, 
 ( ) ( )

;   

c
p q

x p

q

a b
x F f x C x f x

c x




    
 
 

                        (2.128)  

bаhо o`rinli bo`lаdi, bu yеrdа 3C  o`zgаrmаs sоn , ,a b c  vа p  pаrаmеtrlаrgа 

bоg’liq. 

1.5 lеmmаning isbоti. Аgаr 1 p q   , 
1 1 1 1

c b
p r p q

       vа 

p r q   bo`lsа, u hоldа (2.128) dаn quyidаgi 

                    0 0 0

, 
( ) ( )

;   
a b a c b

x

a b
x F f x I x I f x

c x
  

 

 
 
 

                        (2.129)                                       

tеnglikni оlаmiz. 

Endi p r q  , 
1 1 1

1 ,   c b
p p r

        bo`lgаndа ( ) px f x L  ni e’tibоrgа 

оlib, (2.69) аyniyatgа 1.3 tеоrеmаni qo`llаb, ushbu tаsdiqni оlаmiz: 

      
1 1

0 ( )
b c

p r c b
rx I f x L

   

   tеgishli bo`lib, uning uchun quyidаgi  

 

                  
1 1

0 3( ) ( )
b c

p r c b

p

r

x I f x C x f x



   


                          (2.130) 

bаhо o`rinli bo`lаdi.      
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Ikkinchi tоmоndаn esа   
1

1c a b
p

         yoki  1 1 1
1a b c

p r r
        shаrtlаr 

bаjаrilsа, u hоldа  

1 1 _
( )

a b c
p r

rx f x L
    

  bo`lаdi, bu yеrdа                    

                                   0( ) ( )a c bf x x I f x 
 .                                         (2.131) 

Bundаn vа (2.129) tеnglikdаn vа 1.3 tеоrеmаdаn fоydаlаnib, quyidаgi 

хulоsаgа kеlаmiz:  

    

1 1

0 ( )
a c

bp q
qx I f x L

   

   tеgishli bo`lib, 1 1
b

r q
   bo`lgаndа ushbu 

           

1 1 1 1

0 3

_ _
( ) ( )

a c a b c
bp r p r

q r

x I f x C x f x
         

                (2.132) 

bаhо o`rinli bo`lаdi.      

         (2.130) tеngsizlik vа (2.131) tеnglikni  (2.132) tеngsizlikkа qo`llаb (2.128) 

tеngsizlikni hоsil qilаmiz, ya’ni  

                  

           
1 1

0 3

, 1
( ) ( ) , 0, 1.

;   

c
p q

x p

r

a b
x F f x C x f x min c a b

pc x


 

    
 
 

          

p  vа q  pаrаmеtrlаrning bоshqа qiymаtlаridа 1.5  lеmmаning isbоti yuqоridа 

kеltirilgаn usul yordаmidа isbоtlаnаdi.  

(2.123) vа  (2.124) аyniyatlаrning bоshqа hоllаridа 1.5 lеmmаning isbоti 

                       0 0

, , 
( ) ( ),

;   ;   x x

a b b a
F f x F f x

c x c x

   
   
   

  

               0 0

, , 
( ) ( )

;      ;      
a b c a b c

x x

a b c a c b
F x f x x F f x

c x c x
      

   
   

 
  

аyniyatlаrgа аsоslаnib isbоtlаnаdi. 

Endi (1.226) аyniyatning to`g’riligini isbоtlаymiz. Buning uchun ushbu 

                        5 0 0( ) ( )a b a c bE x x I x I f x 
                                              (2.133) 

bеlgilаshni kiritаmiz. 

(2.73) fоrmulаni (2.133) tеnglikkа qo`llаb, quyidаgigа egа  
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bo`lаmiz: 

     1 1
5

0 0

( ) ( ) ( )( )
( ) ( )

x ta
b a c bx

E x x t t dt f z t z dz
Г b Г c b

      
    

              
1 1

0

( ) ( ) ( ) .
( ) ( )

x xa
a b c b

z

x
f z dz t x t t z dt

Г b Г c b
     

             (2.134) 

 (2.134) tеnglikni ichki intеgrаligа  t z x z     аlmаshtirishni bаjаrib, 

quyidаgi   ,t z x z       1 ,x t x z      

    ,dt x z d        ,1
x z

t z
z

 
 
 


        0,t z       1t x                   

tеngliklаrni e’tibоrgа оlib,  ushbu 

     
1

1 1 1
5

0 0

( ) ( ) (1 ) 1
( ) ( )

axa
c a c b bx x z

E x x z z f z dz d
Г b Г c b z

   


      
 
 


    

    

 

      
1

1 1 1

0 0

1
( ) (1 ) 1

( ) ( )

ax
c b c b x z

x z f z dz d
Г b Г c b x

   


     
 
 


   

    

tеnglikni hоsil qilаmiz. 

Bundаn vа (2.123), (2.125) fоrmulаlаrgа аsоslаnib,  ushbu 

     
1

5
0

1 ( ) ( )
( ) ( ) , , ,

( ) ( ) ( )

x
cГ b Г c b x z

E x f z x z F a b c dz
Г b Г c b c z

  
 
 

 
  

    

               
1

0
0

, 1
( ) , , , ( )

( ) ;   

x
c

x

a bx z
f z x z F a b c dz F f x

Г c z c x

   
   
   


    

tеnglikni оlаmiz. 

Хuddi yuqоridаgigа  o`хshаsh quyidаgi  

               6 0 0 0

, 
( ) ( ) ( )

;   
b c b a c b c a b

x

a b
E x x I x I x f x F f x

c x
   
 

 
 
 

   

tеnglikni o`rinligi isbоtlаnаdi. Dеmаk, (2.63) аyniyat to`g’ri. Qоlgаn аyniyatlаr 

hаm shungа o`хshаsh isbоtlаnаdi. 

1.5 lеmmа isbоtlаndi. 
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1.6 – Lеmmа. Ushbu  (2.126),    , 1min a c b c p       vа 

1 p q    shаrtlаr bаjаrilsin. Аgаr  ( ) (0, )px f x L    bo`lsа, u hоldа 

1 1
, 

( ) (0, )
;   

c
p q

x q

a b
x F f x L

c x

  



 
 
 

    bo`lib, quyidаgi 

            

1 1

4

, 
( ) ( )

;   

c
p q

x p

q

a b
x F f x C x f x

c x




  



 
 
 

                 (2.135) 

bаhо o`rinli bo`lаdi,  bu еrdа 4C  o`zgаrmаs sоn  , ,a b c   vа p lаrgа  

bоg’liq. 1.6 lеmmаning  isbоti 1.5 lеmmаgа o`хshаsh isbоtlаnаdi. 
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II bob bo‘yicha xulosalar 

 

 Ikki o‘zgaruvchili gipergeometrik funksiyalar haqida umumiy 

tushunchalar va kasr tartibli integro- differensial operatorlarning asosiy 

xossalari. Kasr tartibli integral va differensial operatorlar kompozitsiyasi 

natijasida hosil bo‘lgan asosiy ayniyatlar kelturilgan shu bilan birga bu 

operatorlarning qo‘llanilishi haqida so‘z yuritilgan. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 57 

III BOB.  4-O‘LCHOVLI GIPERGEOMETRIK FUNKSIYALAR     

UCHUN  YOYISH FOMULALARINING ASOSIY NATIJALARI 

BAYONI 

3.1-§  Ikki o‘zgaruvchili uchunchi tartibli Campe de Feriet  2;1;1

1;1;1 ,F x y     

gipergeometrik funktsiyasining integral ifodasi 

Ma'lumki, nazariy fizika va zamonaviy matematikaning ko'plab 

muammolari bir nechta murakkab o'zgaruvchilarning turli xil gipergeometrik 

funktsiyalarini o'rganishga olib keladi. Bularga, masalan; super torlar  nazariyasi 

muammolari [8], Mellin-Barns tipidagi kontur integrallarining analitik davomi 

[9, 10] va algebraik geometriya [11]. 

Ko'p o'zgaruvchilarning gipergeometrik funktsiyalari kvant maydon 

nazariyasida Knijnik-Zamolodchikov tenglamasining yechimi sifatida paydo 

bo'ladi, maydon nazariyasida va Vess-Zumino-Vitten modelidagi korrelyatsiya 

funktsiyalarining harakatini tavsiflaydi. Drinfeld [12] monodromiya 

tenglamalaridan biri (Drinfeld assotsiatori) beshburchakli tenglamani 

qanoatlantirishini va butun sonlarda bir nechta argumentlarga ega 

gipergeometrik funksiyalarni hosil qiluvchi funksiya ekanligini tasdiqladi. 

Ushbu yondashuv gipergeometrik tipdagi maxsus funktsiyalarni Li algebralari 

va kvant guruhlarini tasvirlash nazariyasidagi dolzarb masalalar bilan, 

shuningdek, boshqa amaliy masalalar bilan bog'lash imkonini beradi [12 - 14]. 

Gipergeometrik funksiyalar degenerativ differensial tenglamalar uchun 

chegaraviy masalalarni yechishda ham qo'llaniladi. [16-17]. Gipergeometrik 

funksiyalar uchun ba'zi kengaytirish formulalari [19-22] da isbotlangan. Ushbu 

hisobot  2;1;1

1;1;1 ,F x y  gipergeometrik funksiya uchun ba'zi integral tasvirlarni 

isbotlaydi [7, 18]. 

       

     
1 21 22;1;1

1;1;1

, 0

, ; ; ;
, ,

; ; ; ! !

m nm n m n m n

m n m n m n

a a b ca a b c
F x y x y

d e f d e f m n


 

 

 
 

 
     (3.1) 

bunda  
 
 

      01 2 ... 1 , , 0,1,...
k

a k
a a a a a k a k N

a

 
        


- 

Poxgammer belgilashlari [7, 15, 18]. Quyidagi integral ko'rinishlar amalga 

oshiriladi: 
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 

   

   21

1 2 1 22;1;1

1;1;1

1 2 1 2

1
1 1 21 2;1;1

1;1;1 1 2

1 20

, ; ; ;
,

; ; ;

; ;, ;
1 , 1 , Re 0, Re 0,

, ; , ;;

dd

a a b c d d
F x y

d d e f d d

b ca a
F x y d d d

d e d f
    



  
  

   

 
     

 


 (3.2) 

 

                    

 

   

    

1 22;1;1

1;1;1

1
11

4 1 2

0

, ; ; ;
,

; ; ;

1 , ; , ; , 1 , Re 0, Re 0,
cb

a a b c b c
F x y

b c e f b c

F a a e f x y d b c    


  
  

   

    

             (3.3) 

 

                

   

       

     

1 22;1;1

1;1;1

1 1
1 11 1

1 2

0 0

, ; ; ;
,

; ; ;

1 1 , ; ; ,

Re Re 0, Re Re 0,

e b f cb c

a a b c e f
F x y

d e f b c e b f c

F a a d x y d d

e b f c

       
    

  
  
      

   

   

                (3.4) 

 

                       

 

   

   11

1 22;1;1

1;1;1

1 1

1
11

2 2 1

0

, ; ; ;
,

; ; ;

1 ; , ; , ; , , Re Re 0.
d aa

a a b c d
F x y

d e f a d a

F a b c e f x y d d a    
 

 
  
   

   

   (3.5) 

Maxsus funksiyalar nazariyasi matematik tahlilning bir sohasi sifatida, 

yuqori transsendental funktsiyalarni o'rganishda  uzoq tarixga va boy mazmunga 

ega  hamda funktsiyalar nazariyasida, integral va differentsial tenglamalar,  

matematikaning boshqa sohalarini o‘rganishda muhim ahamiyat kasb etadi. 

Bir  o‘zgaruvchili  gipergeometrik  funksiyalar  nazariyasini  o‘rganishda 

erishilgan  ulkan  muvaffaqiyatlar  ikki  va  undan  ko‘p  o‘zgaruvchili 

gipergeometrik funksiyalar nazariyasining rivojlanishiga turtki bo‘ldi. 1889  

yilda Gorn ikki o‘zgaruvchili gipergeometrik funksiyaning umumiy ta’rifini 

berdi, ularni to‘la va konflyuent funksiyalar guruhlariga ajratdi va 34 ta ikki 

o‘zgaruvchili funksiyalardan  tuzilgan ro‘yxatni taqdim etdi. 

Ikki  o‘zgaruvchili  gipergeometrik  funksiyalarni  chuqurroq  o‘rganish 

maqsadida,  birinchi  bo‘lib,   Berchnell  va  Chendi  maxsus  operatorlarni 

kiritib,  ular  yordamida  Gorn  ro‘yxatiga  kirgan  gipergeometrik 

funksiyalardan ba’zilari uchun yoyish formulalarini topdilar.Quyidagi 

belgilashlarni kiritamiz: 
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1 2 1 2 1 2 1 1: ( ,..., ), : ( ,..., ), : ( ,..., ); : ... , 0,... 0;n na a a b b b c c c k k k k k        

        1 2 1 1 1: ( ,..., ), : ( ,..., ); : ... , 0,... 0; : {1,2,3,.. .};p n nx x x y y y I l l l l N            

( )   Poxgammer belgisi: 0( ) 1, ( ) ( 1)...( 1), .N             

 Gauss gipergeometrik  funksiyasi quyidagi qator bilan ifodalanadi. 

 
0

; ; ( ) ( )
( ; ; ; ) , 0, 1, 2,...,| | 1,

; ( ) !

n

n n

n n

a b a b z
F a b c z F c z

c z c n





       

bu yerda a,b,c parametrlar z o‘zgaruvchiga bog’liq emas va ular kompleks 

qiymatlar qabul qilishi mumkin.                

( ; ; ; )F a b c z Gauss gipergeometrik funksiyasining n ta kompleks 

o‘zgaruvchilar va ularga mos kelgan kompleks parametrlar holiga 

umumlashmalari bo‘lgan Laurichella gipergeometrik funksiyalarni qaraymiz: 
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2006 yilda A. Xasanov va X.M. Srivastavaning ishlarida Bechell- Chendi 

operatorlarini umumlashtiruvchi operatorlar kiritilgan, bir qator gipergeometrik 

funksiyalar, shu jumladan, uch o‘zgaruvchili Laurechella funksiyalari uchun 

yoyish formulalari isbotlangan.  

 

3.2-§  To‘rt o‘zgaruvchili Gauss tipidagi gipergeometrik funksiya  

Quyidagi to‘rt o‘zgaruvchili Gauss tipidagi gipergeometrik funksiyani 

urganamiz 
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(3.6) 

(3.6) munosabatdan quyidagini aniqlaymiz 
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    (3.7) 

Bundan esa 
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    (3.8) 

 

(3.8) tenglikni hosil qilamiz. Ba’zi soddalashtirishlardan so‘ng 

 

 



 61 

  

  

  

  

  

  

  

  

1, , , 1 1

, , , 1

, 1, , 1 1

, , , 2

, , 1, 1 2

, , , 3

, , , 1 2 3

, , , 1

1

1

1

1

m n p q

m n p q

m n p q

m n p q

m n p q

m n p q

m n p q

m n p q

A a m n p b m n

A c m q m

A a m n p b m n

A c n n

A a m n p b p

A c p p

A a q b q

A c m q q









    


  

    


 

   


 

 


  

      (3.9) 

(3.9) ifodaga kelamiz. Umumiy nazariyaga asosan (4) tenglikdan quyidagi 2- 

tartibli xususiy xosilali differensial tenglamalar sistemasi kelib chiqadi 
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        (3.10) 

 

(3.10) tenglamalar sistemasini (3.6) funksiya qanoatlantirishini ko’rsataylik.  

(3.10) sistemani birinchi tenglamasiga (3.6) funksiyani qo‘yamiz va quyidagi 

tenglikliklarni e’tiborga olsak,  
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va  
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  (3.12) 

o‘rinli. Bundan quyidagi tengliklarni hosil qilamiz 
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  (3.13) 

(3.13) tenglikni (3.12) sistemaning birinchi tenglamasiga qo‘ysak 
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 (3.14) 

Endi quyidagi tenglikni inobatga olsak 
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(3.15) ifodadan 
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kelib chiqadi. Shunday kilib, (3.16) funksiya (3.10) tenglamalar sistemasining 

birinchi tenglamasini qanoatlantirishini ko‘rsatdik. (3.10) sistemaning boshqa 

tenglamalari ham o‘rinli ekanligi xuddi shunday isbotlanadi.  

Endi (3.10) sistemani soddalashtiramiz. 
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Va nihoyat ikkinchi tartibli to’rt o’zgaruvchili xususiy xosilali differensial 

tenglamalar sistemasini hosil qilamiz 
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  (3.18) 

Endi esa, (5) sistema koordinatalar boshida qanday chiziqli erkli yechimlari bor 

ekanligini aniqlaymiz. (5) sistemani yechimlarini quyidagi ko’rinishda izlaymiz 

                                                 u x y z t w               (3.19) 

                             Buning uchun quyidagi xususiy hosilalarni topamiz 
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1. Topilgan xususiy xosilalarni (3.10) sistemaning birinchi tenglamasiga 
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Demak 0  , bo'lishi kerak. Bundan esa 
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    (3.20) 

2. Topilgan xususiy hosilalarni (3.10) sistemaning ikkinchi tenglamasiga 
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xosil qilamiz. 
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3. Topilgan xususiy hosilalarni (3.10) sistemaning uchunchi tenglamasiga 

qo’yamiz, u holda 
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   (3.22) 

munosabatni hosil qilamiz. 

 

4. Topilgan xususiy hosilalarni (3.10) sistemaning to’rtinchi tenglamasiga 

qo’yamiz, u holda 
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Demak 0  , bo’lishi kerak. Shunday qilib, (3.20)-(3.23) teglamalarni 

birlashtirib quyidagi sistemani hosil qilamiz 
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Quyidagi tengliklardan foydalansak 

    2

1 1 1 1 1 1 1a b b a b a b                

    2

1 2 2 1 2 1 2a b b a b a b                

(3.24) sistemaning ko'rinishi quyidagicha bo’ladi 

 

 

        

    

     

      

2

1 1 1 1 1

1 1 1

2

1 1

2 1 1 1

1 2

1 1

0,

1 2 1

2 1

xx xy xz xt yy yz

x y

z

yy xx xy xz yz x

y z

x x w xyw xzw tw y w yzw

c a b x w a b yw

b zw a b w

y y w x w xyw xzw yzw a b xw

c a b y w b zw

     

   

  

    



      

                   

      

             

            

      

     

    

     

   

1

2 1 1

2 2

3 1 2

1

3 1 2

1 2 3 2 3

1 0,

1

2 1

1 0,

1 1 0.

zz xz yz x y

z

tt xt t

c y a b w

z z w xzw yzw b xw b yw

c a b z w

c z a b w

t t w xw c a b t w a b w

   

 

   

    
















         


       


           


            


          

    (3.25) 



 69 

Demak, quyidagi sistema o’rinli bo’lishi kerak 
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         (3.26) 

(3.26) sistemaning yechimlari esa, quyidagicha 
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(3.27) yechimdan foydalanib, (3.10) sistemaning koordinata boshidagi chiziqli 

erkli yechimlarini topamiz 
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III bob bo‘yicha xulosalar 

 Ikki  o‘zgaruvchili  gipergeometrik  funksiyalarni  chuqurroq  o‘rganish 

maqsadida,  birinchi  bo‘lib,   Berchnell  va  Chendi  maxsus  operatorlarni 

kiritib,  ular  yordamida  Gorn  ro‘yxatiga  kirgan  gipergeometrik 

funksiyalardan ba’zilari uchun yoyish formulalari keltirilgan. Gipergeometrik 

funksiyalar uchun ba’zi kengaytirish formulalari keltirilgan. Ushbu  2;1;1

1;1;1 ,F x y  

gipergeometrik funksiya uchun ba’zi integral tasvirlar keltirilgan. 
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XULOSA 

Bizga ma’lumki, ko‘p o‘zgaruvchili gipergeometrik funksiyalarni tadqiq 

etishda maxsus funksiyalar muhim ahamiyat kasb etadi, shu sababali mazkur 

bobda gamma va beta funksiyalar, Gaussning gipergeometrik funksiyasi haqida 

tushunchalar, Gauss tenglamasining Kimmer yechimlari, ularning integral 

ifodalari, gipergeometrik funksiylarni analitik davom ettirish va ular orasidagi 

asosiy funksional bog’lanishlar haqida bilish juda muhim. 

Shu bilan birga ikki o‘zgaruvchili gipergeometrik funksiyalar haqida 

umumiy tushunchalar va kasr tartibli integro- differensial operatorlarning asosiy 

xossalari, kasr tartibli integral va differensial operatorlar kompozitsiyasi 

natijasida hosil bo‘lgan asosiy ayniyatlarning qo‘llanilishiga doir masalalarni hal 

qilish muhim ahamiyat kasb etadi. 

Oxirgi yillarda gipergeometrik funksiyalar va ularni buziladigan elliptic 

tenglamalar uchun chegaraviy masalalarni yechishga qo‘llash bo‘yicha olib 

borilgan tadqiqotlar natijasida qator dolzarb masalalar yechilgan.  

 Singulyar elliptik tipdagi tenglamaning fundamental yechimlari Gauss 

gipergeometrik funksiyasi yordamida ifodalangan va aralash tipdagi tenglama 

uchun chegaraviy masalalarni yechish  nazariyasi ishlab chiqilgan. 
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